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^ ' Abstract. We define the tracial Rokhlin property for actions of finite cyclic 

groups on stably finite simple unital C*-algebras. We prove that the crossed 
00 i product of a stably finite simple unital C*-algebra with tracial rank zero by 

^v^j ' an action with this property again has tracial rank zero. Under a kind of weak 

approximate innerness assumption and one other technical condition, we prove 
that if the action has the tracial Rokhlin property and the crossed product has 

■ tracial rank zero, then the original algebra has tracial rank zero. We give 

O examples showing how the tracial Rokhlin property differs from the Rokhlin 
property of Izumi. 

y-H , We use these results, together with work of Elliott-Evans and Kishimoto, to 

■ give an inductive proof that every simple higher dimensional noncommutative 

torus is an AT algebra. We further prove that the crossed product of every 
simple higher dimensional noncommutative torus by the flip is an AF algebra, 
and that the crossed products of irrational rotation algebras by the standard 
actions of Z3, Z4, and Ze are simple AH algebras with real rank zero. In the 
case of Z4, we recover Walters' result that the crossed product is AF for a 

^ ' dense G^-set of rotation numbers. 

o ' 

o 

m 

' A higher dimensional noncommutative torus is a generalization of the rotation 

■ algebra Ag to more generators. See Section0for details. The most important result 
of this paper is that every simple higher dimensional noncommutative torus is an 

SAT algebra, that is, a direct limit of finite direct sums of C*-algebras of the form 
C(S 1 , M n ) for varying values of n. Elliott and Evans proved J5| that the irrational 
£> . rotation algebras are AT algebras, and Boca showed that "most" simple higher 

I^J ' dimensional noncommutative toruses are AT algebras. See the introduction to 

. Section El for more of the history. 

' Our proof is by induction on the number of generators. Every higher dimensional 

noncommutative torus can be written as a successive crossed product by Z, and 
the proof of Corollary 6.6 of 35] uses an inductive argument which works whenever 
the intermediate crossed products are all simple. Our contribution is a method, 
involving crossed products by actions of finite cyclic groups which have what we 
call the tracial Rokhlin property, for replacing any simple higher dimensional non- 
commutative torus by one to which something close to this argument applies. Our 
proof depends heavily on H. Lin's classification theorem for simple C*-algebras with 
tracial rank zero |42j . 
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Our original motivation for the tracial Rokhlin property is that it enables us to 
prove that every simple higher dimensional noncommutative torus is an AT algebra. 
In retrospect, however, the following motivation is perhaps better. In |29j and 30 , 
Izumi has started an intensive study of finite group actions with the Rokhlin prop- 
erty, which here, to minimize confusion, we call the strict Rokhlin property. The 
strict Rokhlin property imposes severe restrictions on the relation between the K- 
theory of the original algebra, the action of the group on this K-theory, and the 
K-theory of the crossed product. See especially Section 3 of 30 . In particular, the 
results there show that none of the actions appearing in any of our main applica- 
tions has the strict Rokhlin property. Accordingly, a less restrictive version of the 
strict Rokhlin property is needed. The definition of the tracial Rokhlin property 
is obtained from the definition of the strict Rokhlin property in roughly the same 
way that H. Lin's definition of a tracially AF C*-algebra [22 is obtained from the 
definition of an AF algebra. We note that a similar concept, for integer actions on 
AF algebras, has appeared in 

There are standard actions of Z2, Z3, Z4, and Zq on the rotation algebras, and 
the action of Z2 is defined on every higher dimensional noncommutative torus as 
well. See the introductions to S ect ions I%1 and ITU1 for details and some history. When 
the algebra is simple, all these actions have the tracial Rokhlin property. As a 
consequence, we show that the crossed products are always simple AH algebras 
with no dimension growth and real rank zero. For the action of Z2 on an irrational 
rotation algebra, it was already known |IQJ that the crossed is AF. For a dense 
G^-set of rotation numbers 9, the computation of K-theory of the crossed product 
C*(Z4, Ag) implies that this algebra is AF. We thus recover the main result of 61 . 
That paper, however, gives no information on the structure of C*(Z4, Ag) for other 
irrational values of 9, while our results imply in particular that C*(Z4, Ag) has real 
rank zero and stable rank one for all irrational 9. Our results are completely new 
for the actions of Z3 and Z$ on the irrational rotation algebras. In the case of the 
flip on a simple higher dimensional noncommutative torus, the crossed product was 
already known to be AF in "most" cases UJ; we are able to compute the K-theory 
and show that the crossed product is always AF. 

Roughly the first half of this paper is a direct line to the proof that every simple 
noncommutative torus is an AT algebra. We develop the theory of crossed products 
by actions with the tracial Rokhlin property just far enough for this application. 
We start the second half of the paper with a theorem, Theorem 18. 21 which we find 
very useful for proving that an action has the tracial Rokhlin property. Then we 
consider the standard actions of Z3, Z4, and Zg on the irrational rotation algebras, 
and the flip action of Z2 on a simple higher dimensional noncommutative torus. 
Finally, we return to the general theory, and in particular present several examples 
involving UHF algebras which illustrate the limits of the theorems. 

We now give a brief outline of the sections. Further introductory material can 
be found in Sections ^ El El an( l 021 We start in Section ^ by introducing the 
tracial Rokhlin property for actions of finite cyclic groups. In Section El we prove 
that crossed products of C*-algebras with tracial rank zero by such actions again 
have tracial rank zero. In Section^ we give some conditions under which the dual 
action of an action with the tracial Rokhlin property again has the tracial Rokhlin 
property, and we examine the fixed point algebra of an action with the tracial 
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Rokhlin property. Section introduces the notion of a tracially approximately 
inner automorphism, which is needed in Section^ 

Then we turn to higher dimensional noncommutative toruses. Section[S]contains 
various preliminaries. In Section|Bl we prove that if A is a simple noncommutative 
torus, then the automorphism which multiplies one of the standard unitary gener- 
ators by exp(27ri/n) generates an action of Z„ with the tracial Rokhlin property. 
In Section we use this result, work of Kishimoto on crossed products by Z, and 
H. Lin's classification theorem, to construct an inductive proof that every simple 
noncommutative torus is an AT algebra. 

In the next three sections, we consider crossed products of irrational rotation 
algebra and higher dimensional noncommutative toruses by actions of finite cyclic 
groups which have already been studied. In Section |S1 we show that the noncom- 
mutative Fourier transform on an irrational rotation algebra generates an action 
of Z4 with the tracial Rokhlin property, and use this to show that the crossed 
product is always a simple AH algebra with real rank zero, and is AF for "many" 
rotation numbers. This section contains a very useful criterion for an action on 
a simple C*-algebra with tracial rank zero with unique tracial state to have the 
tracial Rokhlin property, a criterion which does not mention any projections. In 
Sectional we show that the crossed products of an irrational rotation algebra by 
the "standard" actions of Z3 and Zq are simple AH algebras with real rank zero. 
Then in Section lTul we show that the crossed product of a simple higher dimensional 
noncommutative torus by the flip is always AF. 

In the last three sections, we return to the general theory. Section ITTI contains 
several results which were not proved earlier because they are not needed for our 
main applications. In particular, the crossed product an AF algebra by an action 
with the (strict) Rokhlin property is again AF. In Section 1121 we give examples 
of actions on the 2°° UHF algebra which show that many of our results can't be 
improved. Section contains some interesting questions to which we do not know 
the answers. 

We use the notation Z„ for Z/nZ; the p-adic integers will not appear in this 
paper. If A is a C*-algebra and a: A — ► A is an automorphism such that a n — 
id a, then we write C*(Z n ,A, a) for the crossed product of A by the action of Z„ 
generated by a. 

We write j4 sa for the set of selfadjoint elements of a C*-algebra A. We write p ^ q 
to mean that the projection p is Murray- von Neumann equivalent to a subprojection 
of q, and p ~ q to mean that p is Murray-von Neumann equivalent to q. Also, [a, b] 
denotes the additive commutator ab — ba. 

I am grateful to Masaki Izumi for discussions concerning the (strict) Rokhlin 
property. In particular, he suggested Example 112.71 I am grateful to Marc Rief- 
fel for discussions concerning higher dimensional noncommutative toruses, and in 
particular for pointing out that it was not known whether a higher dimensional 
noncommutative torus is isomorphic to its opposite algebra. See Corollary 17. 81 this 
remains open in the nonsimple case. I am also grateful to to Sam Walters for dis- 
cussions related to the noncommutative Fourier transform, especially his work on 
the K-theory of the crossed product by this action. Finally, I would like to thank 
Hiroyuki Osaka for carefully reading earlier versions of this paper, and catching a 
number of misprints and suggesting many improvements, and Hanfeng Li for useful 
comments. 
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1. The tracial Rokhlin property 

In this section we introduce the tracial Rokhlin property and several related 
properties. We observe several elementary relations and consequences, and we 
prove several useful equivalent formulations. 

Definition 1.1. Let A be a stably finite simple unital C*-algebra and let a S 
Aut(A) satisfy a n — id a- We say that the action of Z„ generated by a has the 
tracial Rokhlin property if for every finite set F <Z A, every e > 0, every N € N, and 
every nonzero positive element x € A, there are mutually orthogonal projections 
eo, ei, . . . , e„_! S A such that: 

(1) ||a(ej) - e i+ i|| < e for < j < n - 2. 

(2) \\ejd — aej\\ < e for < j < n — 1 and all a e F. 

(3) With e = J2 T j=o e i' the projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

(4) For every j with < j < n— 1, there are iV mutually orthogonal projections 
/x , /z j • • • j /jv < e j * each of which is Murray- von Neumann equivalent to the 
projection 1 — e of (3). 

In this definition, e = 1 is allowed, in which case conditions (3) and (4) are 
vacuous. 

Convention 1.2. With the notation as in Definition ll.il we always take e„ = eo, 
and we will usually take e = ^™ = q ej ■ 

We do not require that Y^=o e i ~ ■"•) as I zum i docs for the Rokhlin property in 
Definition 3.1 of 29 . The terminology is motivated by H. Lin's "tracially AF" p?7] 
and "tracial topological rank" 38 , in whose definitions there is also a "small" 
leftover projection. 

We recall Izumi's definition, specialized to the case of a finite cyclic group, but 
to emphasize the difference, we call it the strict Rokhlin property here. 

Definition 1.3. Let A be a unital C*-algebra and let a € Aut(-A) satisfy a n — id^. 
We say that the action of Z„ generated by a has the strict Rokhlin property if for 
every finite set F C A, and every e > 0, there are mutually orthogonal projections 
eo, ex, ... , e n _i € A such that: 

(1) ||a(ej) - e-H-xll < e for < j < n - 2. 

(2) \\eja — ae-jW < e for < j < n — 1 and all a e F. 

0) v;-,, i. 

Remark 1.4. If an action of Z„ on a unital C*-algebra A has the strict Rokhlin 
property, then it has the tracial Rokhlin property. 

If a is approximately inner, requiring Y^jZo e j = 1 forces [1^] 6 -KoC<4) to be 
divisible by n, and therefore rules out many C*-algebras of interest. In fact, the 
strict Rokhlin property imposes much more stringent conditions on the K-theory. 
Theorem 3.3 and Lemma 3.2(1) of ^01 show that if a nontrivial finite group G acts 
on a simple unital C*-algebra A in such a way that the induced action on (A) is 
trivial, and if one of K (A) and Ki(A) is a nonzero free abelian group, then a does 
not have the strict Rokhlin property. Theorem 3.3 and the discussion preceding 
Theorem 3.4 of [30] show that if in addition G is cyclic of order n, then the strict 
Rokhlin property implies that K^A) is uniquely rt-divisible. It follows that the 
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actions considered in the applications in this paper never have the strict Rokhlin 
property. 

For the tracial Rokhlin property to be likely to hold, the C*-algebra must have 
a reasonable number of projections. For reference, we recall here the definition of 
the property that seems most relevant. 

Definition 1.5. Let A be a C*-algebra. We say that A has Property (SP) if every 
nonzero hereditary subalgebra in A contains a nonzero projection. 

Lemma 1.6. Let A be a stably finite simple unital C*-algebra, and let a G Aut(A) 
be an automorphism which satisfies a n — id^ and such that the action of Z„ 
generated by a has the tracial Rokhlin property. Then A has Property (SP) or the 
action generated by a has the strict Rokhlin property. 

Proof. If A does not have Property (SP), then there is a nonzero positive element 
x G A which generates a hereditary subalgebra which contains no nonzero projec- 
tion. I 

Our definition also seems too weak for use with purely infinite simple C*-algebras. 
For example, Condition (3) of Definition 11.11 would then be vacuous, and Condi- 
tion (4) would be automatically satisfied whenever e ^ 0. On the other hand, the 
strict Rokhlin property still seems too strong, since even in a unital purely infinite 
simple C*-algebra, [1] need not be divisible by n in K (A). 

For the tracial Rokhlin property as we have defined it to be useful, not only 
stable finitencss but also some condition on comparison of projections seems to be 
necessary. Although we will not make immediate use of them, we recall here two 
well known conditions of this type. Others will appear later. 

Definition 1.7. Let A be a unital C*-algebra. We say that A has cancellation of 
projections if whenever n G N and p,q,e G M n (A) are projections such that e is 
orthogonal to both p and q, and p + e ~ q + e, then p ~ q. 

Definition 1.8. Let A be a unital C*-algebra. We say that the order on projections 
over A is determined by traces if whenever n G N and p,q G M n (A) are projections 
such that r(p) < r(q) for all tracial states r on A, then p ^ q. 

This is just Blackadar's Second Fundamental Comparability Question. See 1.3.1 

Finally, we do not attempt to formulate the appropriate definition for actions on 
C*-algebras which are not simple. At the very least, one should ask that, given an 
arbitrary nonzero element a G A, one can in addition require ||eae|| > ||a|| — e. See 
Definition 2.1 of |37j . Quite possibly one should impose other conditions as well. 

It is convenient to have a formally stronger version of the tracial Rokhlin prop- 
erty, in which ||a(e„_i) — eo|| < £ as well, and in which the defect projection is 
a-invariant. We will use a simple case of the following lemma, which is stated more 
generally for later use. We note for emphasis: in it, 5 depends on E, N, and e, but 
not on if or the particular projections p, eo, e\, . . . , e^v- 

Lemma 1.9. Let E be a finite dimensional C*-algebra, let S be a complete system 
of matrix units for E, let N G N, and let e > 0. Then there exists 5 > such that 
whenever A is a unital C*-algebra, p G A is a projection, ip: E — > pAp is a unital 
homomorphism, and eo, ei, . . . , G A are projections with Ylj=a e i = ^ an< ^ sucn 
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that ||ejip(s) — ( s ) e j 1 1 < S for all j and all s G S, then there is a unitary u G A 
with ||u — 1|| < £ such that (uejU*)ip(a) = cp(a)(uejU*) for all j and all a G E. 

Proof. Replacing E by E © C and <p by (a, A) i— > ip(a) + A(l — p), we see that it 
suffices to prove the result under the additional restriction p — 1 (with a different 
value of e). 

Now apply Lemma 2.5.10 of jSH] to all dimensions up to dim(E), finding 5 > 
such that whenever B and C are subalgebras of a unital C*-algebra A such that 
dim(_B) < dim(.E) and such that B has a complete system of matrix units each of 
which has distance less than N(N + 1)5 from C, then there is a unitary u G A with 
\\u— 1| < e such that u*Bu C C. Apply this with B = <p(E) and C = 0^L O e^Ae,-. 
We note that if s G S then, because ||ej-y(s) — cp(s)ej\\ < 8 for all j, 

<5^||e 3 -VJ(s)e fc || <N(N + 1)S, 
and that every element of C commutes with every ej . I 

Lemma 1.10. Let A be a stably finite simple unital C*-algebra and let a G Aut(A) 
satisfy a" — id a- Then the action of Z„ generated by a has the tracial Rokhlin 
property if and only if the conditions of Definition II . II are satisfied, except that (1) 
is replaced by: 

(1') e = Y^j=o e i 1S a-invariant, and ||a(ej) — ej+i\\ < £ for < J < n — 1, 
where, following Convention ^21 we take e n — eo- 
The analogous statement holds for the strict Rokhlin property of Definition 11.81 

Proof. That (1') implies (1) is trivial. For the reverse direction, we first prove (1') 
without the condition on a-invariance of e. Apply Definition 11.11 with — e in place 
of e. Then, using a™ = id^, 

n—2 

||eo-a(e n _i)|| = ||a"~ 1 (e )-e„_i|| < ^ \\a n - j - 2 (a(ej)-e j+ i)\\ < (n-l)±e < e. 

j=o 

Now we arrange for a-invariance of Y%=o e r Without loss of generality ||a|| < 1 
for all a G F. 
Let 

A • ( £ 1 1 \ 
o-i = mm — , — , 

V 5 4 4n+ 1/ 

Apply Lemma fl . 91 with £ = CffiC, with N = n, and with <5i in place of e. Let 82 
be the resulting value of 8. Then set 

*» = "** ^ 

Apply the version of (1') without a-invariance of e, and with ^3 in place of e. 
Let /o, /1, . . . , /n-i be the resulting projections. Set / = J2]=o fj- Then 

n-1 

l|a(/)-/||<X;K/i)-/i+ill<n*3- 



dist(p(s), C) < 
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Inductively, we get ||a fc (/) — /|| < knS 3 for k € N. In particular, with c = 

1 n — 1 1 n — 1 

||c - /|| < - T |K'(/) - /|| < - V jn<5 3 < 7^^- 
3=0 j=o 

Since n 2 S 3 < |, the projection e = X(i oo)( c ) ^ s defined, is a-invariant (because 
c is), and satisfies ||e — c|| < ||c — /||, so that ||e — /|| < 2||c — /|| < 2n 2 S 3 . 
It follows that \\fje — efj\\ < An 2 S3 < 82 for < j < n — 1. By the choice 
of 62 and following Lemma 11.91 with the homomorphism tp : C © C — > A being 
<p(\o, Ai) = Aoe+Ai(l-e) and with f , fx, . . . , /„_i, 1-/ in place of e ,ei, ...,ejv, 
there is a unitary w G A with ||u — 1|| < 8% such that ej = ufju* commutes with e 
for < j < n - 1. We get ||ej - / 3 -|| < 25 x . 
Since Y%=o fj = / we S et 

n-i 

< lie - /|| + Wfi - e iH < 2n2<5 3 + 2n£i < 1. 

Since e commutes with ^ £_ ej , this implies that e = 53j=o e j • Since e is unitarily 
equivalent to /, we now have Conditions (3) and (4) of Definition ll.il 
From \\ej — fj\\ < 2Sx, we get 

||ej-a - aej|| < ||/ 3 -a - afj\\ + 2\\e 3 - fA\ <S 3 + 4<5i < 56x < e. 

This is Condition (2) of Definition ll.il Moreover, for < j < n — 1 we get 

IH e j) - e j+ill < IK/j) - fj+i\\ + \\ e 3 - /ill + ll e j+i - /j+ill 
<S 3 + 25 x + 2Si < 5<5i < e. 

This is the estimate in Condition (1') of the lemma, and finishes the proof of the 
part about the tracial Rokhlin property. 

The proof for the strict Rokhlin property is the same as the first part of the 
proof for the tracial Rokhlin property, since in this case e = 1 is automatically 
a-invariant. I 

We finish this section by proving that crossed products by actions with the tracial 
Rokhlin property are still simple. 

Lemma 1.11. Let A be a stably finite simple unital C*-algebra, and let a € Aut(A) 
be an automorphism which satisfies a™ = id^ and such that the action of Z„ 
generated by a has the tracial Rokhlin property. Then a k is outer for 1 < k < n— 1. 

Proof. Let 1 < k < n — 1 and let u € A be unitary. We prove that a k ^ Ad(u). 
Apply Definition 11.11 with F = {it}, with e = with N = 1, and with x = 1. 
Then for 1 < k < n — 1, we have 

fc-i 

l!« fe (eo) ~ e k \\ < ]T ||a fc -^ 1 (a(e J ) - e i+1 )|| < ke < \. 
3=0 

Also ||eow — weo|| < e <\, whence ||ueow* — eo|| < \. The choice N = 1 implies 
that eo 7^ 0, so orthogonality of e and et implies \\ek — eo|| = 1. It follows that 

||a fc (e ) - ue u*\\ > \\e k - e \\ - \\a k (e ) - e fe || - \\ue a u* - e || > 0. 



En-l 
e 3 
3=0 J 
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Therefore a k ^ Ad(u). I 

Corollary 1.12. Let A be a stably finite simple unital C*-algebra, and let a G 
Aut(A) be an automorphism which satisfies a n = icU and such that the action of 
Z n generated by a has the tracial Rokhlin property. Then C*(Z„, A, a) is simple. 

Proof. This follows from Lemma \l . 1 1 1 and Theorem 3.1 of j^j. I 
2. Crossed products by actions on C*-algebras with tracial rank 



In this section, we prove that the crossed product of a C*-algebra with tracial 
rank zero by an action with the tracial Rokhlin property again has tracial rank 
zero. 

The following result gives the criterion we use for a simple C*-algebra to have 
tracial rank zero. Note that, by Theorem 7.1(a) of [38], tracial rank zero is the 
same as tracially AF in the sense of Definition 2.1 of |37| . 

Proposition 2.1. Let A be a simple separable unital C*-algebra. Then A has 
tracial rank zero in the sense of Definition 3.1 of [3SJ if and only if the following 
holds. 

For every finite set S C A, every e > 0, every nonzero positive element x G A, 
and every N € N, there is a projection p G A and a finite dimensional unital 
subalgebra E C pAp (that is, p is the identity of E) such that: 

(1) \\pa — ap\\ < e for all a G S. 

(2) For every a G S there exists b G E such that \\pap — b\\ < e. 

(3) 1 — p is Murray-von Neumann equivalent to a projection in xAx. 

(4) There are N mutually orthogonal projections in pAp, each of which is 
Murray-von Neumann equivalent to 1 — p. 

Proof. It is immediate that tracial rank zero implies the condition in the proposi- 
tion. 

The proof of the other direction is similar to the proof of Proposition 3.8 of |37| . 
and we refer to parts of that proof for some of the argument. However, there appears 
to be a gap there, so we give more detail at the relevant point in our argument. 

According to Definition 2.1 of we must prove that if S, e, x, and N are as 
in the hypotheses, and if in addition ao G A is a given nonzero element, then p and 
E can in addition be chosen so that ||paoP|| > 1 1 o-o 1 1 — £• Without loss of generality 
||a || = 1 and e < 1. 

As in the first paragraph of the proof of Proposition 3.8 of [HZ], we ma y as- 
sume that A 9^ M n for any n, and we conclude that A is stably finite and has 
Property (SP). 

Now let S, e, x, and N be as in the hypotheses, and let ao G A satisfy ||ao|| = 1. 
Define a continuous function / : [0, oo) — > [0,1] by 



Then b — /(agao) 0? so there is a nonzero projection go G bAb, and by Lemma 3.1 
of [SZj there is a nonzero projection q < qo such that q is Murray-von Neumann 



ZERO 
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equivalent to a projection in xAx. Use Lemma 3.2 of j37j to choose nonzero mutually 
orthogonal projections q±, qi < q such that q\ ~ q2- 

Choose Eq > so small that whenever D is a unital C*-algebra and e, / G D 
are projections such that ||e/|| < £o, then / ^ 1 — e. Choose E\ > so small that 
whenever D is a unital C*-algebra and b £ D sa satisfies \\b 2 — b\\ < £i, then there 
is a projection e £ D with ||e — 6|| < min (j^e, \eq)- Clearly e\ < 1. Set 

S = min^e, leg, ±£i) . 

Apply the hypotheses with SU {g, ao} i n place of S, with <5 in place of e, with gi in 
place of x, and with max(iV, 2) in place of N. Let p and -E C pAp be the resulting 
projection and finite dimensional subalgebra. We finish the proof by showing that 
\\pa p\\ > \\a \\ - e. 

If \\pq\\ < Eq then q ^ 1 — p, whence 

1— p^9i<l — p and 1 — p ^ q2 < 1 — P- 

Since 91(72 = 0, this contradicts stable finiteness of A. So > £0, whence 

\\pqp\\ > Eq. By the choice of p and E, there is b £ E with 

\\b-pqp\\ <min(^e, |e§, g£i) . 

We have 

II (wp) 2 -p«p|| = Ibg(p9 - qp)p\\ < 

so 

||& 2 - H < Upqpf ~pqp\\ + \\b\\ ■ \\b-pqp\\ + \\b-pqp\\ ■ \\pqp\\ + \\b - pqp\\ 

< ( 4 +l £ i) |ei<ei- 
Therefore there is a projection e € E with ||e — 6|| < min(ie§, j^e). This gives 
||e — < + | e o = e o- Since \\pqp\\ > £q, we have e ^ 0. Furthermore, 

||e-Mp|| < |e. 

Similarly ||(qp<z) 2 — <zpq|| < \e\ < £1, so there is a projection e G qAq such 
that || e - qpq\\ < j^e. Since - qpq\\ < 2\\pq - qp\\ < \e, we get ||e - e || < 
he + ^£ + j^E < |e. Because £ < 1 this implies e <~ eo, so e 7^ 0. Also, since 
|| (ago-o) 1 ^ 2 ! = 1 we immediately get 

||( ao >o) 1/2 e(a$ ao ) 1/2 - (a* ao ) 1/2 eoK«o) 1/2 || < \e. 

Since eo 7^ and eo < q £ bAb, the definition of b implies ||eo(aoao)eo|| > 1 — \e. 
Therefore 

1 < ||[(aSao) 1/2 eo]*[Kao) 1/2 eo]|| + \e = 1 1 «« ) 1/2 e «a ) 1/2 1 1 + \e 

< ||(a*ao) 1/2 e(aSao) 1/2 || + \e + \e < || Ka ) 1/2 pKa ) 1/2 || + \e + \e 

= \\p{a* ao)p\\ + |e- 

So ||p(a5a )j>|| > 1 - f £. 

Using ||pao — aop|| < j^e, we now get 

IbaoPlI 2 = \\{paoP)(paop)\\ > \\paQa p\\ - > 1 - |e - ie > 1 - e. 

So ||paop|| > \/l — £ > 1 — £, as desired. I 

We also recall the properties of simple unital C*-algebras with tracial rank zero. 
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Theorem 2.2. (H. Lin.) Let A be a simple unital C*-algebra with tracial rank 
zero. Then A has real rank zero, stable rank one, and cancellation of projections 
(Definition ^3 . Moreover, the order on projections over A is determined by traces 
(Definition Q|) . 

Proof. In view of Theorem 7.1(a) of |38| . real rank zero and stable rank one are 
Theorem 3.4 of [2Zj, and cancellation of projections is Lemma 3.3 of |2Zj- That the 
order is determined by traces is Theorems 6.8 and 6.13 of I 

Lemma 2.3. Let A be a simple unital C*-algebra, and let a G Aut(A) be an 
automorphism which satisfies a n = id-A and such that the action of Z„ generated 
by a has the tracial Rokhlin property. Then for every finite set F C A, every 
finite dimensional subalgebra E C A, every e > 0, every N £ N, and every nonzero 
positive element x G A, there are mutually orthogonal projections eo, e±, . . . , e„_i S 
A and a unitary v & A such that: 

(1) ||a(ej) — ej+i\\ < £ for < j < n — 1, where, following Convention ll.2l we 
take e„ = eo. 

(2) 1 1 e j a — aej\\ < e for < j < n — 1 and all a E F. 

(3) With e = X^jLo 1 e i> ^ ne projection 1 — e is Murray- von Neumann equivalent 
to a projection in xAx. 

(4) For every j with < j < n— 1, there are iV mutually orthogonal projections 
/i , /2 , . . . , Jn < e_j , each of which is Murray- von Neumann equivalent to the 
projection 1 — e of (3). 

(5) || v — 1|| < e, and ej commutes with all elements of vEv* for < j < n— 1. 

(6) a(e) — e. 

Proof. Let i 7 ", E, e, iV, and a; be as in the hypotheses. Without loss of generality 
IHI < 1 for all a S F. Let 5* be a complete system of matrix units for E. Apply 
Lemma 11.91 with this E, S, and e, and with n in place of N, obtaining So > 0. 
Define 5 = min (e, Sq). 

Apply Lemma l"! . 101 with FU S in place of F, with S in place of e, and with N and 
a; as given. Let eo, ei, . . . , e„_i and e = X^o 1 e i ^ e ^ ne resulting projections. Note 
that a(e) = e. Parts (3), (4), and (6) of the conclusion are immediate. Part (1) 
follows from ||a(ej) — ej+x|| < S < e for < j < n — 1. It also follows that for all 
a 6 F U S we have \\eja — aej\\ < 5 < e, which gives Part (2). 

Since \\ejCi — aej\\ < 6 < S for a € S, the choice of 5o from Lemma 1 1.91 taking 
the homomorphism (p there to be the inclusion of E in A, provides a unitary v *E A 
with ||i>o — 1| < £ and such that ^oe^o commutes with every element of E. We 
obtain Part (5) of the conclusion by taking v — Vq . I 

Lemma 2.4. Let A be a unital C*-algebra and let a G Aut(A) satisfy a n = id^- 
Let w G A be a unitary such that 

wa(w)a 2 (ro) • • • a n_1 (u') = 1. 

Then the automorphism (3 = Ad(w) o a G Aut(A) satisfies (3 n = id^- Moreover, 
letting u G C*(Z n ,A, a) and t; G C* (Z n , A, P) be the canonical unitaries imple- 
menting the automorphisms a and /3, there is an isomorphism 

<p: C*(Z n ,A,(3)^C*(Z n ,A,a) 

such that if(a) = a for all a G A and ||<p(w) — u\\ = \\w — 1||. 



CROSSED PRODUCTS AND T RACIAL ROKHLIN 



11 



Proof. As is implicit in the statement of the lemma, we identify A with its image 
in each of the crossed products. 
That j3 n = 'v\a is easy to check. 

The unitary wu is in C*(Z n , A, a). For a £ A, we have (wu)a(wu)* — wa(a)w* = 
/3(a), by the definition of f3. Moreover, using u n — 1 and uau* = a(a) for o £ A, 
we get 

(wu) n = w{uwu- l )(u 2 wu- 2 ) ■ ■ ■ {u n - l wu- {n ~ l) )u n 

= [wa{w)a 2 {w)---a n ~ 1 {w)]u n = 1. 

The universal property of crossed products therefore provides a homomorphism 

<p: C*(Z n ,A,(3)^C*(Z n ,A,a) 

such that if (a) = a for all a € A and <p(v) = wu. 

A similar argument shows that there is a homomorphism 

V>: C*(Z n ,A,a)^C*(Z n ,A,f3) 

such that ip(a) = a for all a € .A and ip(u) — w*v. One checks that ip o yj(6) = 6 
for all 6 € C* (Z n , A, (3) by checking this for t 6 4 and for b = v. Similarly 
cp o ip = i&c*(z n ,A,a)- Therefore y is an isomorphism. 

Finally, — u\\ = \\wu — u\\ = \\w — 1||, as desired. I 

Lemma 2.5. Let A be a simple C*- algebra with Property (SP), and let a S Aut(A.) 
satisfy a n — idA- Let p S A be a nonzero projection. Then there exists a nonzero 
projection q <E A such that a- 7 (5) ^ p for all j. 

Proof. Using Property (SP) and Lemma 3.1 of 37 , find a nonzero projection ei < p 
such that ei ^ cz(p). In the same way, find a nonzero projection 62 < e\ such that 
e 2 ~i " (p). Proceed inductively. Set q = e„_i. Then g is a nonzero projection 
such that q ^ a-' (p) for < j < n — 1, hence for all j. I 

Lemma 2.6. Let A be a unital C*-algebra, let a S Aut(A) satisfy a™ = id^, 
and let e > 0. Let eo, ei, ■ • ■ , e n -i € A. be mutually orthogonal projections, let 
e = Y^j=\ e jj an d assume that a(e) = e. Let u>i, u>2, ■ ■ ■ , ^n-i G A be partial 
isometries, satisfying 

Wj-u;* = ej, w*Wj = a(ej-±), and \\wj — e 3 -|| < e 

for 1 < j < n — 1. Then the element 

w = l-e + w 1 +w 2 -\ w n -! + a n ' 1 (w* 1 )a n ~ 2 {w2)- ■ -a(w^_ x ) 

is a unitary in A satisfying: 

(1) \\w - 1|| < 2n 2 e. 

(2) ioa(io)a 2 (ffi) ■ • • a"- 1 ^) = 1. 

(3) Following Convention 1 1.21 wa{ej-\)w* = ej for 1 < j < n. 

(4) ||(Ad(w) oa) fc (a) -a fe (a)|| < 4fcn 2 e||a|| for a e A and fc € N. 

(5) (Ad(w)oa)" =id A - 

Proof. Define 

z = a n - x K)a n ~ a K) • • • 

We claim that 

zz* = eo, z*z = a(e n _i), and ||z — eo|| < n 2 e. 
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For the first, we observe that 

a K-i) a K-i) = a 2 (e„- 2 ), 

a 2 (w* n _ 2 )a(w^_ 1 )a(w n -i)a 2 (w n - 2 ) = a 2 (w* n _ 2 e n - 2 w n - 2 ) = a 3 (e„- 3 ), 
etc., ending with 

zz* = a n (e ) = e . 

For the second, we observe that 

a"- 1 ( Wl )a"- 1 K)=a"- 1 (e 1 ), 

a n - 2 {w 2 )a n ^ 1 {w l )a n - 1 {w* 1 )a n - 2 (w* 2 ) = a™" 2 '(w 2 a(e 1 )w* 2 ) = a"- 2 (e 2 ), 
etc., ending with 

z* z = a(e„_i). 

For the third, first observe that 

\\a n - k (e k ) - e || - \\a- k (e k ) - e \\ = \\e k - a k (e a )\\ < ke, 

whence 

\\a n - k (w k ) - e || < \\a n - k (w k - e k )\\ + \\a n - k (e k ) - e Q \\ < (k + l)e. 
Therefore 

n-l 

\\ z - eo|| < + l)e < n 2 e. 

fe=i 

This completes the proof of the claim. 

The element w of the statement is now defined by 

w = 1 — e + wi+w 2 -\ ib„-i + z. 

Since a(e) = e, we have Y^j=o a ( e j-i) = e = Sj=o e j> so tnat w ^ s m ^ act unitary. 
Clearly uia(e.,_i)w* = ej. This is Part (3) of the conclusion. 
Part (1) of the conclusion is the estimate 

n-l 

\\w - 1|| < \\z - e \\ + ^2 \\wj - ej\\ < n 2 e + (n - l)e < 2n 2 e. 

3 = 1 

To prove Part (2), we simplify the notation by setting wq = z and interpreting 
all subscripts as elements of Z n . From WjW* = ej and w*Wj — a(ej-i) we get 
a k (w J )a k (w j )* = a k (ej) and a k ' (w j)* a k (w j) = a k+1 {ej_{). It follows that 

n-l 

wa(w)a 2 (w) ■ ■ ■ a n ^ 1 (w) = 1 — e + Wja(wj-i)a 2 (wj- 2 ) ■ ■ ■ a™ -1 (iVj- n+ i). 

3=0 

Because a n = id a, we have 

w =a n - 1 (w* 1 )a n - 2 (w* 2 )---a(w* n _ 1 ) 

= [a-\wt) ■ ■ ■ a->{w*)][a n -^\w*_ n+1 ) ■ ■ ■ a{wU)], 
and we get, by substituting for the term a J (w ), 

w j a{w j - 1 )a 2 {w j - 2 ) ■ ■ ■a n - 1 {w j - n+1 ) = ej a n (e^ n ) = e 2 = e 3 
for all j. This gives Part (2) of the conclusion. 
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Define f3 = Ad(w) o a £ Aut(A). Then (3 n = id^ by Part (2) and Lemma l2~4l 
This is Part (5). Also, for a £ A we have 

||/3(o.) - a(a)\\ < 2\\w - 1|| • ||o|| < 4n 2 e||a||, 

and Part (4) of the conclusion follows by induction. I 

Theorem 2.7. Let A be a simple unital C*-algebra, and let a £ Aut(A) be an 
automorphism which satisfies a n — idA and such that the action of Z„ generated 
by a has the tracial Rokhlin property. Suppose that A has tracial rank zero. Then 
C*(Z n ,A,a) has tracial rank zero. 

Proof. It suffices to verify the condition of Proposition 12.11 for a finite set S of 
the form S = F U {it}, where F is a finite subset of the unit ball of A and u £ 
C*(7i ni A,a) is the canonical unitary implementing the automorphism a. So let 
F C A be a finite subset with ||a|| < 1 for all a £ F, let e > 0, let N £ N, and let 
x £ C*(Z„, A, a) be a nonzero positive element. 

The C*-algebra A has Property (SP) by Theorem 12.21 So we can apply The- 
orem 4.2 of [3T], with N = {1}, to find a nonzero projection p £ A which is 
Murray-von Neumann equivalent in C*(Z n ,A, a) to a projection in xC*(Z n , A, a)x. 

Since A has real rank zero (by Theorem l2.2(l . we may use Theorem 1.1 (i) of [H2J to 
find (N + l)(n + 1) nonzero Murray-von Neumann equivalent mutually orthogonal 
projections in poApo- Call one of them p\. Use Lemma 12.51 to find a nonzero 
projection p <p\ such that a 3 {p) ^ p\ for all j. 

Set 

£ 

£ ° = 12(n+l) 5 ' 

Choose S > with <5 < eo, and so small that whenever e and / are projections in 
a C*-algebra C such that ||e — /|| < 8, then there is a partial isometry s £ C such 
that 

ss* = e, s* s = f, and ||s — e|| < eo- 

Apply the condition for tracial rank zero in Proposition ^ . II with 5 in place of e, 
with the finite set S there being 

So = FUa{F)U---Ua n - 1 (F), 

and with p in place of a. We obtain a projection q Q such that 1 — q Q ^ p, and a 
finite dimensional subalgebra i?o with q £ E C go^<7(h such that for every a £ So 
we have ||<7oa — ago | < <5 and there exists b £ E such that ||(?o a 9o — b\\ < <5- 

Apply Lemma [2.31 with Sq in place of F, with Eq + C(l — go) in place of the 
finite dimensional subalgebra E, with 8 in place of e, with AT = 1, and with p 
in place of x. We obtain a unitary y £ A and mutually orthogonal projections 
eo, ei, . . . , e n _i € ^4 which commute with all elements of y(Eo + Cqo)y*, such that 
1 1 e j a — aej\\ < 8 for all a £ So, such that \\y — 1|| < 8, such that ||ce(ej) — e 3 -+i|| < 8, 
and such that e = 2j=o e i ^ s ce-invariant and 1 — e ^ p. 

According to the choice of 8, for 1 < j < n— 1 there are partial isometries lUj G A 
such that 

WjW* — ej, WjWj — ct(ej-i), and \\wj — ej\\ < Eo- 

Apply Lemma l2.6l to the ej and Wj, with eo in place of e. We obtain a unitary w as 
there such that — 1|| < 2n 2 eo, and such that the automorphism (3 = Ad(w) o a 
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satisfies (3 n = id a, 

||/3 fe (a)-a fe (a)|| < 4fcn 2 e ||a|| 

for k € N and a e A, and (3(ej) = ej + i for all j. 
Define 

n—1 n—1 

q = ^(3 k {e yq y*e ) and £ = f3 k (e a yE a y*e Q ). 

k=0 k=0 

By construction, e commutes with yq^y* 1 and the projections 

eo,/?(e ), ..../^(eoM-e 

are orthogonal, so that q is a /3-invariant projection. Similarly, eo commutes with 
every element of yE y*, so E is a /3-invariant finite dimensional subalgebra of A. 

Let a € F. We estimate ||ga — ag|| and the distance from qaq to E. We begin 
by estimating \\[(i k {e^yq^y* e ) , a]\\. Recall that off implies ||a|| < 1. Using 

[eoq e a , a" _fc (a)] = e (7o[e , a n ' k {a)] + e Q [q , a™ _fe (a)]e + [e , a™- fc (a)](?oe , 

and because a™~ fc (a) e So, wc get 

HMoeo, a"- fc (a)]|| < Ufa,, a "- fc (a)]||+2||[ eo , a"- fc (a)]|| < S + 25 = 3S. 

So 

\\lf3 k (e q e ),a]\\ = \\[e Q q Q e Q , [3 n - k (a)]\\ 

< 2\\(3 n - k (a) - a n - k (a)\\ + \\[e q eo, a n - k (a)}\\ 

< 8(n - fc)n 2 £ + 35 < (8n 3 + 3)e - 

Therefore 

||[/3 fc (eo2/<Zo2/*e ), a]|| - || [e j/goJ/*e , /3"- fc (a)]|| < %- 1|| + 1 1 (e o9 oeo) , o]|| 
< 4<5 + (8n 3 + 3)e < (8n 3 + 7)e Q . 

Now 

n-1 

HIMII < E ll[/3 fc (eoyg y*e ), a] || < n(8n 3 + 7)e < e. 
We next estimate the distance from qaq to E. We begin by estimating 

En— 1 , , 
, n [P {e yqoy*e )}a[(3 {e yqoy*e )} 

n-1 

^ ^2^\\[P k {eayqay*ea)Hf3 l {e yq y*e ) 

fc=0 l^k 
n-1 

< 

In each summand in the last expression, the first term contains the expression 
(3 k (eo)(3 l (eo) — e^e;, which is zero because k ^ I. Therefore this term is zero. 
The second term was estimated above by (8n 3 + 7)so, and there are fewer than n 2 
summands, so we conclude that 



n—i 

EE (\\\fi k i. e oyqoy*eo)]\f3 l {e yq y*e )]a\\ + (e Q yq y* e Q ) , o]||) . 



• n-1 



qaq - E, n [/ 3/c ( e o2/9o2/*e )]a[/3 fc (e y(7oy*eo)] 

* — 'k=0 



< n 2 (8n 3 + 7)e - 
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By construction, there exists b k € Eq such that \\b k — qoa n k (a)qo\\ < S. Set 
c fe = e oybkV*eo- Then set c = Y^k=o fi k { c k) & E. Since eo commutes with yqoy* , we 
have, recalling at the fifth step that ||/3 fc (») — a fe (a)|| < 4fcn 2 £o||a|| and \\y — 1| < S, 

\\[eoyqoy*eo}f3 n ~ k (a)[e yq y*eo} - c k \\ = || [e a yq y*]l3 n ~ k {a)[yq y* e ] -e yb k y*e \\ 

< \\qoy*P n - k (a)yqv~b k \\ 

<2\\y~l\\ + \\q f3 n - k (a)q -b k \\ 

<26 + 4(n - k)n 2 e + \\q a n - k (a)q - b k \\ 

<2S + 4ti 3 £ + S < (4n 3 + 3)e . 

It follows that 

En— 1 , , 
k=Q P '{e yq Q y*e )a(3 '{e yqoy*e ) 

n-l 

< ^2 H Cfe - [ e oyqoy*eo]{3 n ~ k (a)[eoyqoy*e }\\ < n(4n 3 + 3)e - 

k=0 

Therefore 

|| c - qaq\\ < [n 2 (8n 3 + 7) + n(4n 3 + 3)]e < 12(n + l) 5 e < £• 

We regard g as a projection in C* (Z n ,A, (3). We further let 

D = C*(Z n , E, 0\ E ), 

which is a finite dimensional subalgebra of C*(Z n ,A, (3). Let 

<p: C*(Z n ,A,(3)^C*(Z n ,A,a) 

be the isomorphism of Lemma \2 .41 We take the projection required in Lemma I^Tl 
to be q, and the finite dimensional subalgebra to be tp(D). From what we just did, 
every element a £ F satisfies ||[g,a]|| < e in C* (Z n , A, (3), and there is c 6 E C D 
such that || c — qaq\\ < e. Since <p(q) = q and ip(a) — a for all a € F, in C* (Z ni A, a) 
every element a E F satisfies ||[g, a]|| < e, and there is c € £ C y(-D) such that 
||c- w|| < e. 

Letting v € C*(Z n ,A,/3) be the canonical unitary implementing the automor- 
phism (3, we have [q,v] = 0, because f3(q) — q, and qvq G D. Therefore in 
C*(Z n ,A,a) we have [q, <p(v)] = and qip(v)q € <p(D). Lemma 1^41 gives 

|M«)-u|| = ||«;-l|| <2n 2 e . 

Therefore 

|| [q, u]\\ < 4n 2 e < e and ||gug — qip{v)q\\ < 2n 2 eo < e. 

We next show that 1 — q is Murray-von Neumann equivalent to a projection in 
xC*(Z n , A, a)x. Recall that 

1 - e ^ 1 - Qo 3 P> an d {yqoy*)e = e Q (yq y*). 

Furthermore, 

n— 1 7i— 1 

1 - 9 = 1 - XI P k ( e oyqoy*e ) = 1 - e + X /3 fc (e y[l - g ]2/*e )- 

Now, with the Murray-von Neumann equivalence in C*(Z„, A, /3), we have 
/3 fc (e o2 /[l - g ]y*e ) < /3 fc (y[l - qo]y*) ^l-qo^P- 
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Because C*(Z n ,A, (3) = C*(Z n ,A,a) via an isomorphism ip which fixes every el- 
ement of A, we get (3 k (eoy[l — qo]y*eo) ^ p in C*(Z n , A, a) as well. Thus, in 
C*(Z„, A, a), the projection 1 — g is the orthogonal sum of n+l projections, each of 
which is Murray-von Neumann equivalent to a subprojection of p. By the choice of 
p, there are n+l mutually orthogonal projections in xC*(Z n , A, a)x, each Murray- 
von Neumann equivalent to p. Therefore 1 — q is Murray-von Neumann equivalent 
to a projection in xC*(Z n , A, a)x. 

It remains to prove Condition (4) of Proposition 12.11 that is, that there are 
N mutually orthogonal projections in qC* (Z n , A, a)q, each Murray-von Neumann 
equivalent in C*(Z„, A, a) to 1 — q. It suffices prove this in A instead. Since A has 
cancellation of projections (by Theorem 12. 2(1 . it suffices to show that iV[l — q] < [q] 
in Ko(A); in fact, it suffices to show that (N + 1)[1 — q] < [1]. We saw in the 
previous paragraph that 

n-l 

l-q = l-e + ^2 /3 fe (e y[l - <7o]y*e ). 

fc=0 

By construction, we have [1 — e] < [p] < [pi] in Ko(A). We also have 

[f3 k (e Q y[l - q ]y*e )} < [(3 k (y[l - q ]y*)] = [a k (y[l - q }y*)} 

= [a k (l-q )]<[a k (p)}<\p 1 }. 

Therefore [1 - q] < (n + l)[p x ]. Since (N + l)(n + l)[p x ] < [p ] < [1], this gives 
(N + 1)[1 - q] < [1], as desired. I 

3. Tracially approximately inner automorphisms 

In this section, we introduce the notion of a tracially approximately inner auto- 
morphism. This condition is needed to prove that the dual action of an action with 
the tracial Rokhlin property again has the tracial Rokhlin property. 

Here, we only prove those results of immediate use. Some further results are 
found in Section ITT1 and some examples are in Section IT31 

Definition 3.1. Let A be a stably finite simple unital C*-algebra and let a S 
Aut(A). We say that a is tracially approximately inner if for every finite set F C A, 
every e > 0, every JVgN, and every nonzero positive element x e A, there exist a 
projection e £ A and a unitary v € eAe such that: 

(1) |Ke)-e|| < £ . 

(2) ||ea - ae|| < e for all a e F. 

(3) \\veaev* - a(eae)\\ < e for all a e F. 

(4) 1 — e is Murray-von Neumann equivalent to a projection in xAx. 

(5) There are N mutually orthogonal projections /i, /2, . . . , /jv < e, each of 
which is Murray-von Neumann equivalent to 1 — e. 

As in Definition 11.11 we allow e — 1 , in which case conditions (4) and (5) are 
vacuous. 

The motivation for the terminology is the same as that for the tracial Rokhlin 
property fDefinition II. 1|) . As there, the condition does seem useful outside the 
stably finite case, so we include stable finiteness in the definition. As with the tracial 
Rokhlin property, we also do not attempt to formulate the correct version in the 
nonsimple case; at the very least such an extension should include the requirement 
that ||eaoe|| > ||ao|| — e for a predetermined nonzero ao e A. 
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This condition seems to be appropriate for use with the tracial Rokhlin prop- 
erty. In particular, when we strengthen it in the presence of the tracial Rokhlin 
property below, we must allow e / 1 even if we start with an approximately inner 
automorphism. 

Remark 3.2. Let A be a stably finite simple unital C*-algebra and let a £ Aut(A). 
If a is approximately inner then a is tracially approximately inner. If a is tracially 
approximately inner and A does not have Property (SP), then a is approximately 
inner. 

Example 112.31 shows that a tracially approximately inner automorphism need 
not be approximately inner, even on a simple AF algebra. 

When A has cancellation of projections, the automorphism has finite order, 
and the action it generates has the tracial Rokhlin property, we can strengthen 
Condition (1) in Definition 13. II to true invariance, and we can require that v have 
the same order as a. In Proposition 13.61 below, we will further strengthen this 
result, requiring for example a(v) = v. We do not know whether cancellation of 
projections is really necessary. 

Lemma 3.3. Let A be a stably finite simple unital C*-algebra with cancellation 
of projections, and let a £ Aut(j4) be tracially approximately inner and satisfy 
a n = idA- Suppose that the action of Z„ generated by a has the tracial Rokhlin 
property. Then for every finite set F C A, every e > 0, every N £ N, and every 
nonzero positive element x £ A, there exist a projection e £ A and a unitary 
v £ eAe such that: 

(1) a(e) = e. 

(2) ||ea - ae|| < e for all a £ F. 

(3) v n = e, and \\veaev* — a(eae)\\ < e for all a £ F. 

(4) 1 — e is Murray-von Neumann equivalent to a projection in xAx. 

(5) There are N mutually orthogonal projections /i , /a , . . . , /w < e, each of 
which is Murray-von Neumann equivalent to 1 — e. 

The proof requires a fair amount to technical work to set up a rather short punch 
line, so we explain the basic idea before we begin. Assume for simplicity that F 
is a-invariant, that we can use the strict Rokhlin property to obtain projections 
eo, ei, . . . , e n —i which exactly commute with every element of F and such that 
ct(ej) = ej-i for < j < n — 1 and 53^=0 e i = ■'■> an( ^ further that we can find a 
unitary v £ A such that vqclvq = a(a) for a £ F U {eo, e±, . . . , e n _i}. Then 

v = eivoeo + e 2 v Q ei H h e„_iw e n -2 + eo^o e n -i 

is a unitary in A which satisfies v n = 1 and vav* = a(a) for all a £ F. 

We also note that there is some relation between this proof and that of Lemma 3.3 

of EU. 

Proof of Lemma U^ Let F c A be a finite set, let e > 0, let N £ N, and let x £ A 
be a nonzero positive element. 

Without loss of generality n > 1 and every a £ F satisfies ||a|| < 1. Then 
A j£ M m for any m, because all automorphisms of M m are inner and therefore 
don't have the tracial Rokhlin property. By Remark 13.21 and Lemma ll .61 there are 
two cases: either A has Property (SP) and A M m for any m, or a is approximately 
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inner and has the strict Rokhlin property. We write the proof in the first case. In 
the second case, we take the projections 

1 - /o, P, 9l, 92, ■ ■ ■ , 92N+2 

appearing below to be all zero, and we obtain the conclusion of the lemma with in 
addition e = 1. 

Lemma 3.2 of |37| provides nonzero Murray- von Neumann equivalent orthogonal 
projections gi, g 2 , ■ ■ ■ , 92N+2 € xAx. 

Define e\ — j^n^E. Choose £2 > with 



£2 < min 



£l £i 



An+ 1' 2n(n + 1) 



and also so small that whenever D is a unital C*-algebra and c £ D satisfies 
\\cc* — 1|| < 2n£ 2 and \\c*c - 1|| < 2n£ 2 , then the unitary u — c{c*c)~ x l 2 e D 
satisfies \\u — c\\ < e\. 

Apply Lemma \\ . 1 01 with Go = {J™Zo ^ {F) m place of F, with ^£2 in place of e, 
with 1 in place of N, and with g\ in place of x. Let 

„(0) „(0) „(0) a 

Pq i Pi > • • • J Pn-1 fc A 

be the resulting projections, and let p = Y^jZo Pj ■ Note that a{p) = p. 

Apply Lemma ll31 with E = C™, with N = 1, and with ^£2 in place of e. Let £3 
be the resulting value of 8. Set 

£4 = m i n (_i_ £2! ^ £3 ) . 

Apply Lemma fl. 91 with E = C, with N — 1, and with £4 in place of e. Let £5 be 
the resulting value of S. Choose ee > with 



£g < min 



£5 £4 J_ 
4n + 1 n ' 2n 



and also so small that whenever I? is a unital C*-algebra and p, q € D are projec- 
tions such that \\p — q\\ < 2n£g, then there is a unitary «£ fl such that upu* = q 
and ||u — 1|| < £4. 

Apply Definition 13. II with 

G={p,pM,p?\...,pM 1 }uG 

in place of F, with £6 in place of £, with 1 in place of N, and with g± in place of x. 
Let /o be the resulting projection and let wq G faAfa be the resulting unitary. 
Set 

1 71 — 1 

6 = -XV(/o). 

TJ * * 



n 



Then 

n-l fe-1 



6 -/o|| < - ^^||^(a(/ )-/o)|| <n£ 6 < i. 



n 

k=0 j=0 



Therefore we can define j\ — X(i oo)(&), and /1 is a projection with a(/i) = /1 and 
ll/i - /o|| < ||/i - b|| + ||&- /o|| < 2||6 - /o|| < 2ne 6 . 
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By the choice of £6, there is a unitary z\ € A such that Zifoz* — fi and \\zi — 1| < 
£4. We now have 

H/iP - Ph\\ < 2||/i - /oil + WfoP - p/oll < 4ne 6 + e 6 = (4n + l)e a < £5. 

By the choice of £5 using Lemma |l. 91 and applying this lemma in the fixed point 
algebra A a with tp(X) = A/i and p and 1 — p in place of eo and e±, we obtain a 
unitary Z2 G A a such that / = Z2/1 ^2 commutes with p and — 1|| < £4. Note 
that a(/) = /. Further define w = Z2Z\Wq{z,2Z\)* . We now have 

11/ - /o|| < ||/ - /ill + ||/i - /oil < 2||z 2 - 1|| + HA - /o|| < 2£ 4 + 2ne 6 < 4£ 4 . 

and 

||io - w Q \\ < 2\\z 2 zi - 1|| < 4e 4 . 

Since £g < £4, we now obtain the following in place of the conditions from Defini- 
tion 0Q] (We give the proofs for (2) and (3) afterwards.) 

(1) «(/) = /■ 

(2) || fa - af\\ < 25e 4 for all a e G, and fp = pf. 

(3) The unitary w € fAf satisfies \\wfafw* - a(faf)\\ < 25e 4 for all a E G. 

(4) i-f^gi- 

For (2), we observe that, because ||a|| < 1, 

\\fa - a/|| < ||/ a - af \\ +2\\f- f \\ < e 6 + 8£ 4 < 25£ 4 . 
For (3), we observe that 

\\wfafw* - a(faf)\\ < \\w f afow* - a(f af )\\ +2\\w- w \\ + 4||/ - / || 

< £ 6 + 8£ 4 + 16£ 4 < 25£ 4 . 

We use the choice of £3 from Lemma rOl and the inequality 25£4 < £3, and apply 
this lemma in pAp with ip : C™ — + pAp being 

n-l 

^(A ,...,A n _i) = ^XjPj 

and with pf and p(l — /) in place of eo and e\. We obtain a unitary yg € pAp 

such that the unitary y = yo + 1 — p E A has the property that pj — ypfy* 

commutes with / for < j < n — 1, and that \\y — 1|| < ^£2 and Y^=o Pj = P- 

Then \\pj — pf^W < § £ 2- From 1 1 apf — pf a 1 1 < |e 2 for a S G , we now get 

||apj — J? 3 a|| < £ 2 , and from ||a(pj 0) ) -Pj+J < g£2 we get ||a(pj) - Pj+i\\ < £2- 
Moreover, 

Htu/ft/ii;' - a{f P jf)\\ < \\wfpffw* - a {fpff)\\ + 2\\ Pj -pf \\ 
< 25£ 4 + |e 2 < £2- 

Therefore \\wfpjfw* — fpj+if\\ < 2e2 for < j < n— 1. Furthermore, for a G Go 
we have 

\\f Pj a - afpi\\ < 11/11 ■ \\ Pj a - ap 3 \\ +\\fa- af\\ ■ \\ Pj \\ < e 2 + 25£ 4 < 2£ 2 . 
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We also estimate 

n-1 

\\wfp ~ fpw\\ < ^2 \\wfpj - fpj+iw\\ 

3=0 

71-1 

= W w fPjf w * ~ fPj+if\\ < 2n ■ 2e 2 = 4ne 2 . 

j=o 

Using w £ fAf, for a S Go we have 

\\w(pf)a(pf)w* - a((pf)a(pf))\\ = \\wpfafpw* - pa(faf)p\\ 

< \\p[wfafw* - a(faf)]p\\ + 2\\wfp - fpw\\ 

< 25e 4 + 4ne 2 < (4n + l)e 2 . 
Define e = fp and ej = fpj. Then 

n-1 

e = ej and \\we — ew\\ < 4ne 2 , 

3=0 

and for < j < n — 1 and a e Go we have 

Hwe^w* - e i+ i|| < 2e 2 , ||«(ej) - e i+ i|| < e 2 , 

Ijuieaew* — a(eae)|| < (An + l)e 2 < ei, and ||e 3 a — aej|| < 2e 2 . 
Since p and / are a-invariant, so is e, which is Condition (f ) of the conclusion. 
Also, if a € F then 

n-i 

\\ea — ae\\ < \\^j a — a&jW < 2ne 2 < ei < e, 

3=0 

so we have Condition (2) of the conclusion. 

Following Convention ll.2l set c = Sj=o e j+i we j € ev4e. Then 

n — 1 n-1 

\\c*c- e|| < ^ Hej^ej+iwej - 1 1 < ^ ||w*e J+ iw - e 3 \\ < 2ne 2 . 
i=o i=o 

Similarly \\cc* — e|| < 2ne 2 . By the choice of e 2 , the unitary i>o = c(c*c) -1 / 2 G eAe 
(functional calculus in eAe) satisfies vqVq = VqVq = e and \\vo — c|| < £i. Also, 

||c — we|| < ||u>e — ew|| + ||c — eu>e|| 

n-1 

< ||we - ew\\ + ^ ^ l|e/cwej|| 

j=0 l<k<n,k^ij + l 

< 4ne 2 + n(n - 1) • 2e 2 = 2n(n + l)e 2 < s\- 
Therefore ||«o — u>e| < 6\ + E\ = 2e\. So, if a e Go then 

||uoeaet>g — a(eae)|| < 2||uo — we\\ + \\weaew* — a(eae)|| < 4ei + e\ — 5ei. 
Moreover, since c*c commutes with all e^, so does (c*c)~ 1 / 2 . From the relation 

c = J^" = o e j+i ce ji we then get ^o = Y^j=o e j+i v o e i ■ Since t>o is unitary, this 
implies voejVQ = e J+ i for < j < n— 1. 



Now define 



v = eiw e + e 2 w ei H h e„_iw e„_ 2 + e v (n ^e^-i. 
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Then v is a unitary in eAe such that v n = e. Let a e F. We need to estimate 

■'3- 



\veaev* — a(eae)\\. Set b = Sj=o e j ae j- Then 



||6-eae||<^ ^ \\ekae 3 \\ 

3=0 0<k<n-l,k^j 
n-1 

\\e k a - ae k \\ ■ \\ej\\ < 2n(n - l)e 2 . 

3=0 0<k<n-l,k^j 

Next, we calculate 

n — 1 n — 2 

i * \ ^ * — (n— 1) n—1 i \ ^ * 

vbv = y^vejaejV — u e n -iae n -iv + > j voejaejV 

3=0 3=0 

n-2 

= e v 'eaev e + ej+iVoeaev Q ej + i. 

3=0 

Now H'l'oeaei'Q — a(eae) || < 5ei since a G Go- Also, since a™ = id^i it follows 
that all a k (a), for k e Z, are in Go as well, so that an inductive argument gives 
\\vQCt(eae)vQ k — a fe+1 (eae)|| < 5ke\ for k > 1. Putting fc = n — 1, using a" = id^, 
and conjugating by Wq - '™ -1 ^, we obtain 

|| a(eae) — v 1 ^eaew l_1 || < 5(n — 

Therefore 



^ — ^7^— 1 

vbv* — o eja(eae)ej 



n-2 

— \\ e o[ v o ^eaev^ 1 — a(eae)]e || + ^ ||ej+i [v a eaev* — a(eae)] ej + i|| 

< 5(n - l)ei + (n - 1) • 5ei = 10(n - l)ei. 
On the other hand, 

n—1 n—1 

a(6) = a ( e 3 ae j) = a(e j )a(eae)a(e j ). 

3=0 3=0 

Therefore 

n-1 

\ — ^n—1 ^ — ^ 

a(b) - 2^ e j a(eae)e j < ^ 2\\a( ej ) - e j+1 \\ < 2ne 2 < £\. 

3 3=0 

Putting everything together, we get \\vbv* — a{b)\\ < (lOn — 9)si, so 

\\veaev* — a(eae)|| < \\vbv* — a(b)\\ + 2\\b — eae\\ 

< (lOn - 9)ei + 4n(n - l)e 2 < (10n - 7)ei < e. 

This, together with the relation v n = 1 from above, is Condition (3) of the conclu- 
sion. 

To prove Condition (4) of the conclusion, write 1 — e = 1 — / + /(l — p)- By 
construction, 

1 - / ^ Si i 1 - P ^ 3i, and 3i ~ 92- 
Therefore 1 — e ^ gi + g 2 £ xAx, as required. 
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We prove Condition (5) of the conclusion. First note that 

2JV+2 2JV+2 

1 - / 3 31 < 1 - X] 9j and 1 - P 3 92 < 1 - 9j> 

3=3 3=3 

SO 

2JV+2 

1 - e = 1 - / + /(l -p) £ gi +92 < 1 - ^ 

Therefore, because A has cancellation of projections, X^=3~ 2 9j ~ e - Choose a 
partial isometry s £ A such that 

2JV+2 

s*s = 5j and ss* < e. 

For 1 < j < N let g^ < gj+2 be a projection with q^p ~ 1— / and let g^ < <? J+ w +2 

be a projection with qp ~ 1 — p. Set gj = gj. + gj . Then the projections sqjs* 
are iV mutually orthogonal projections in eAe, each of which satisfies 1 — e ^ sqjS*. 
We have shown that there are N mutually orthogonal projections in eAe, each of 
which is Murray-von Neumann equivalent to 1 — e, as desired. I 

Our further strengthening of Definition 13. II requires two preliminary lemmas. 

Lemma 3.4. Let D be a unital C*-algebra, let n £ N, and let e > 0. Then there 
is 5 > such that whenever v £ D is a unitary such that v n = 1, whenever i? is a 
unital C*-subalgebra of D, and whenever c € B satisfies ||c — u|| < <5, then there is 
a unitary w £ -B such that iu n = 1 and \\w — v\\ < e. 

Proof. This is semiprojectivity of C n , which is the universal C*-algebra generated 
by a unitary v with v n — 1. (See Chapter 14 of ^ 

Lemma 3.5. Let D be a unital C*-algebra, let n £ N, let a S Aut(D) satisfy a™ = 
idc, and let e > 0. Then there is (5 > such that whenever v £ D is a. unitary such 
that v n = 1, and whenever c £ D satisfies ||c— u|| < (5 and a(c) = exp(— 2Tri/n)c, 
then there is a unitary w € -D such that 

||w — u|| < e, to™ = 1, and oe(w) — exjp(—2iri/n)w. 

Proof. Let u> = exp(27ri/ro). Define an open set U C 5 11 by 

[/ = S 1 \ {exp{m/n)iJ : < j < n - 1}. 

Let / : C7 — * C be the continuous function which takes the constant value lo 3 on the 
open arc from exp(— ni/njuji to exp{iri / n)u> 3 . Choose £o > with e < |e and so 
small that whenever z 6 D is a unitary such that \\z n — 1| < e , then sp(z) C J7 
and ||/(2) — z\\ < ie. Choose <5 > with 6 < |e and so small that whenever v £ D 
is a unitary and whenever c € D satisfies ||c— w| < 5, then ||c(c*c)^ 1 / 2 — u|| < -^Sq. 

Now let u £ D be a unitary such that v n = 1, and let c € £> satisfy |jc — v\\ < S 
and a(c) = uj~ 1 c. By the choice of 5, the unitary 2 = c(c*c) -1 / 2 € D satisfies 
\\z — v\\ < -^£q. Therefore 

n 

Ik" - ill = Ik" - ^"11 < E H z ir~ fc ■ II* - V W ■ IMI* -1 < n ■ (^0) = e °- 

k—l 
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By the choice of £o, the unitary w — f{z) satisfies \\w — z\\ < \e. Therefore 
\\w-v\\ < \\w - z\\ + \\z - v\\ < ±e < e, 

as desired. 

It is clear that w n = 1. 

It remains only to show that a(w) = uj~ 1 w. Since a(c*) = wc*, it follows that c*c 
is in the fixed point algebra D a . Therefore a(z) — bj" x z. Since = u!^ 1 f(<^) 

for every £ G U, we get f(oj~ 1 z) = w _1 /(z). Therefore 

a(w) = a(f(zj) = f(a(z)) = f^z) = u~ l f{z) = oj^w, 

as desired. I 

Proposition 3.6. Let A be a stably finite simple unital C*-algebra with cancel- 
lation of projections, and let a G Aut(A) be tracially approximately inner and 
satisfy a n = id a- Suppose that the action of Z„ generated by a has the tracial 
Rokhlin property. Then for every finite set Fc^l, every e > 0, every N € N, and 
every nonzero positive element x G A, there exist a projection eei and unitaries 
v\, V2 £ eAe such that the Conditions (l)-(5) of Lemma f3. 31 are satisfied for both 
v± and v% in place of v, and in addition 

a(vi) = Vi, a{v2) = exp(— 2iri/n)v2, and \\v1V2 — t^ill < £■ 

As for Lemma 13.31 the proof requires a fair amount to technical work to set up a 
rather short punch line, and we explain the basic idea before we begin. Assume for 
simplicity that F is a-invariant, that we got from Lemma l3.3l a unitary Vq G A such 
that Vq = 1 and v^av^ = a(a) for all a G F, and further that we can use the strict 
Rokhlin property to obtain projections eo, ei, . . . , e„_i which exactly commute 
with and every element of F and such that a(ej) = ej+\ for < j < n — 1 
and Y^=o e i = 1 ■ (We apply the approximate innerness condition and the Rokhlin 
property in the opposite order from the proof of Lemma 13.31 ) Then 

n— 1 n — 1 

V\ = \J a? {eQVQeo) and V2 = cxp(— 2irij /n)^ (eQVpeo) 
3=0 j=o 

are unitaries in A which satisfy the conclusion. 

Proof of Proposition ^ '.b\ Let F C A be a finite set, let e > 0, let N G N, and let 
x G A be a nonzero positive element. Without loss of generality a(F) = F and 
||a|| < 1 for all a G F. 

As in the proof of Lemma f3. 31 there are two cases: either A has Property (SP) 
and A ^ M m for any m, or a is approximately inner and has the strict Rokhlin 
property. We again write the proof in the first case, and the second case is handled 
the same way as there. 

Lemma 3.2 of |37j provides nonzero Murray- von Neumann equivalent orthogonal 
projections g\, g 2 , ■ ■ ■ , 92N+2 G xAx. 

Choose e% > with r?E\ < j^e and so small that 2nei will serve as 8 in 
Lemmas 13.41 and 13.51 with the given value of n and with -j^e in place of e. Choose 
£2 > with £2 < min((n + l) _1 e, £1) and so small that whenever D is a unital 
C*-algebra and p, q G D are projections such that \\p — q\\ < rt£2, then there is a 
unitary u G D such that upu* — q and ||u — 1|| < E\. 
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Apply Lemma Q] . 31 with F as given, with ^£2 in place of s, with 1 in place of N, 
and with g\ in place of x. We obtain an a-invariant projection /o and a unitary 
wo G foAfo such that, in particular, Wq = /o and 

||o/o - /oa|| < g£2 and || w Q (f afo)w^ - a(/ a/ )|| < ±£ 2 

for all a E F. 

We want to use Lemma 11.101 for the automorphism a, but we also want the 
resulting projections to commute with /o and u>o, and we want to retain a-invariance 
of /o and the property Wq = 1. This requires perturbation both of the Rokhlin 
projections and of /o and wo. To this end, we apply Lemma IP1 three times. The 
first time, we take E = C" and use n — 1 in place of N and ^£2 in place of e. 
Let p be the resulting value of 5, and set £3 = min (ip, ^,£2)- The second time, 
we take E = C 2 and use n — 1 in place of N and ^£3 in place of e. Let £4 be the 
resulting value of S, and also require £4 < ^£3. The third time, we take E = C 2 
and use 1 in place of N and ^£4 in place of e. Let £5 be the resulting value of 5, 
and also require £5 < ^£4. 

Apply Lemma f 1.1 1)1 to a, with F U {/o, wq} in place of F, with -^£5 in place of 
£, with 1 in place of N, and with g\ in place of x. We obtain mutually orthogonal 
projections p$ , Pj° , . . . , p„_! € A Set p = X^=o Pj ■ Then in particular 

n-l 

lb/o - /op|| < £ Ibf } /o - /opf } || < n (l£ 5 ) - £ 5 . 

By the choice of £5 using Lemma ll.9l and applying this lemma in the fixed point 
algebra A a with (p(Xi, A2) = Aip + Aa(l — p) and /o and 1 — /o in place of eo 
and ei, we obtain a unitary z\ G A Q such that / = zifoz^ commutes with p and 
||zi - 1|| < ±£ 4 . Note that a(f) = f. Moreover, \\f - f a \\ < 2\\ Zl - 1||, so 

Wfvpf -pf fp\\ = ufpf-pfm < 11/opf -pf/oii +4^i - in 

< ^£5 + | £ 4 < £4- 

Also set wi = ziWqzI G /A/, so that w" = / and 

||wi - w \\ < 2\\zi - 1|| < §£4. 
By the choice of £4 using Lemma ll.9l and applying this lemma in the corner pAp 
with^(Ai, A 2 ) = Ai/p+A 2 (l-/)pandp[ | 0) , p ( "\ . . . , pf\ in place of e , ei, ...,e N , 
we obtain a unitary Z2 G pAp such that pj = Z2pf' ] z\ commutes with fp and 
H-22 — p|| < ^£3- Because pj < p and / commutes with p, it now follows that Pj 
commutes with / for < j < n — 1. Moreover, \\pj — Pj\\ < 2||z2 — p||, so 

\\wiPj - pjWi\\ < ||w Pj 0) -Pj 0) wo|| + 2||pj -Pj 0) || + 2||iui - w \\ 

< £5 + |£3 + |£4 < ^£3 + f £3 + 2l5 e 3 = £3- 

It follows that \\wiPj — pjWiW < ke3 for k > 1. Therefore, with oj = exp(27ri/n), 
the projections 



n ^ — ' 



x . -lk„..k 

qi = 

n 

k=o 



satisfy \\qipj — Pj<li\\ < «£3- Since / commutes with w\ and the pj, we get 
\\qifpj ~ fPjqi\\ < ne3. Let tp: C n — > /A/ be the homomorphism which sends 
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(1, u), . . . , uj 71 ^ 1 ) to w\. Then the qi are the images under ip of the matrix units 
of C n . By the choice of £3 using Lemma 11.91 and applying this lemma in the 
corner f Af with this <p and with fpo, fp±, . . . , fp n -i in place of eo, ex, . . . , ejv, 
we obtain a unitary Z3 S /A/ (which is u* in the conclusion of the lemma) such 
that w = Z3W1Z3 commutes with /po, fpi, ■ ■ ■ , fPn-i an d 11^3 — /II < M £ 2- Since 
u> e /A/ and /|>j = Pjf, we also get u>pj = pjW. 
We now have the algebraic relations 

ri-1 

"(/) = /, we fAf, w n = f, P = Y,Pj' 

3=0 

and, for < j < n — 1, 

PjW = wpj and Pj f = fp jm 
We further claim that if a € F then 

||/a-a/||<£ 2 and ||w(/a/)w* - a(faf)\\ < e 2 , 
and, for < j < n — 1, 

Hfta- apj|| < e 2 and ||a(pj) -ft'+i|| < £2- 
We prove the claim. For o 6 f , we have 

||/o - af\\ < 2||/ - /oil + Wfoa - af \\ < A\\zi - 1|| + ||/ a - a/o|| 
< ^£4 + ^£2 < £2- 
This is the first estimate. For the second, 

\\w(faf)w* - o(/o/)|| < 2||t« - wq|| + 4||/ - / || + \\w (f af )w* - a{f af )\\ 
< 4\\z 3 - ,/|| + 2||wi - wq|| + §£ 4 + ±£ 2 

For the third, 

\\ Pj a - a Pj \\ < 2\\ Pj -pf\\ + \\pfa - apf\\ < M\z 2 -p\\ + \\pfa - apf\\ 

< f £ 3 + ^5 < £3 < £2- 

Finally, 

n«(Pi) -p i+ iii < \\pj-pfw + \\ P]+ i-pfU + n«(pf ) -pfU 

< 4\\z 2 -p\\ + ||a(pf ) -pf^\\ < | £3 + I £5 < £ 3 < £ 2 . 

We now define e = fp. Then a(e) = e, which is Condition (1) of the conclusion 
of Lemma 13. 31 Furthermore, for s£F we have 
n-i 

Ilea - ae|| < ||/|| £ fea - a Pj || + \\fa- af\\ ■ \\p\\ < (n + l)e 2 < e. 

This is Condition (2) of the conclusion of Lemma \'S. 31 

Next, define vq — we, which is a unitary in eAe with Vq = e, and = epj 
for < j < n — 1, which are projections in eAe which commute with vq. Since 
||a(pj) — Pj+i|| < £2 and a(e) = e, we get ||ck j (ej) — ej+i|| < £2 for < j < n — 1. 
So 

lice- 7 (e ) - ej\\ < je 2 < ne 2 
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for < j < n—1. By the choice of £2, there are unitaries yj € eAe with \\yj — e\\ < s\ 
such that VjOp (e<i)y* = ej for < j < n— 1. Define 

n— 1 n—1 

ci = ^2 VjO: 3 (eov e )y* and di — a j (e v e ). 
j=0 j=o 

Because the ej are orthogonal, and because vq commutes with the ej and satisfies 
Vq = e, it follows that c\ is a unitary in eAe with c™ = e. Moreover, d\ is a-invariant 
and satisfies 

n-1 

\\ci -di\\<^2 2 hi " e ll < 2n£ i- 

By the choice of £1 using Lemma l3.4l there is a unitary v\ in the fixed point algebra 
(eAe) a such that u" = 1 and |jvi — c\\\ < j^e. Further define 

n—1 n—1 

C2 = / ] u> 3 yja j (e Voeo)y^ and d 2 = ^ us 3 a 3 (e v e ) . 
j=o j=o 

By the same argument as above, c 2 is a unitary in eAe with = e, and 

a(c?2) = u 1 d 2 and ||c2 — 1 1 < 2ne\. 

So from Lemma 13.51 we get a unitary v 2 S e^4e such that 

^2=1, ||«2 - c 2 || < j^£, and a(u 2 ) = w _1 «2- 

We also observe that C\c 2 — c 2 C\. From ||ui — ci|| < j^e and \\v 2 — c 2 \\ < -^£ we 
therefore get \\viv 2 — v 2 vi\\ < j^e < e. We have proved the new conditions on both 
vi and v 2 . 

We now estimate 

||i>i(eae)i;* — a(eae)|| and ||v2(eae)i>2 — a(eae)|| 

for a S F. We begin by observing that 

||ejO-ae 3 -|| < \\fa-af\\ ■\\p j \\ + ||/|| ■ ||p 3 -a - apj-j| < 2£ 2 . 

Then set 6 = 53j=o e j ae j- Since the are orthogonal, 

n—1 

||eae — 6|| < 1 1 e j a — aej\\ < 2n(n ~ l)e 2 < 2n 2 e\. 

j=0 0<fc<n-l,fc#j 

Also, 



^ — ^n — 1 ^ — T 

(6) - 2^ , =Q e i a(a)e j < ^ 2||e i+ i - a( ej )\\ < 2ne 2 < 2ne x . 



3=0 



The next step is to estimate cibc* — X^=o e j a ( a ) e j ■ First, use yjO? (eo)y* = ej 
and egvo = voeo to calculate 

a j (e v eo)yjej = a 3 (e v e )a 3 {e )y*e = a 3 {e v )y*e. 

Also a(e) = e and 

HwoeaeuQ — a(eae)|| = \\ewfafw*e — ea(faf)e\\ < e 2 . 
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Now a 3 (a) € F, so the above applies with a 3 {a) in place of a. Using this fact at 
the last step, we get 

Wiy-ja 3 (e v Q eo)y*}e :j ae j [yja :1 (eov Q eo)y*}* - eja(a)ej\\ 

= \\oP (e v )y*eaey j a :> ' (v^eo) - y*e j a(eae)e J y j \\ 

< \\y*eaeyj — eae\\ 

+ \\a 3 (e )a 3 (v ea~ 3 ' {a)ev* )a 3 (e ) - a 3 (eo)y*a(eae)y j a 3 (e )|| 

< 2\\yj — e|| + ||uoea _: ' (a)euQ — a~ 3+1 (eae)|| + ||a(eae) — y*a(eae)yj\\ 

< 2\\ yj - e|| + ||w [ea- J (a)e]w* - a(ea^(a)e)|| + 2\\ yj - e|| 

< 4ei + £2 < 5ei. 
Now for ( = 1, 2 we get 

^ — ^n— 1 



< 



n-1 

Ei 

i=o 



[y i a J (e 'i;oeo)y 7 *]ejae i [2/ja' J (e 'yoeo)y*]* - e 3 a(a)e 



< 5nei. 

Putting everything together, for / = 1, 2 we now get 

||i;j(eae)i;* — a(eae)|| 

< 2\\v t - d\\ + 2\\eae - b\\ + \\ Cl bc* - a(b)\\ 

< 2\\vi - ci\\ + 2\\eae- b\\ 

En-l 
3=0 

5nei + 2nei < e 



cibcf 



eja(a)ej 



a(b) 



'3=0 



eja(a)ej 



We now have Condition (3) of Lemma \'S. 31 for both v\ and V2- 

The proof of Conditions (4) and (5) of Lemma l3.3l is just like in the proof of that 
lemma. We have 



1 - / + /(I -p) 3 9i + 92 G xAx, 



which gives Condition (4). Moreover, 



1 - e ^ 0i + .92 < 1 



27V+2 
fe=3 



so Efe=3^ 2 0fc ^5 e by cancellation, and there are N mutually orthogonal projections 
dominated by X)fc=3~ 2 0fci each Murray- von Neumann equivalent to 1 — e. I 

4. Duality 



In this section we show that if an action of Z„ on a simple unital C*-algebra has 
the tracial Rokhlin property and and its generator is tracially approximately inner, 
then the dual action also has the tracial Rokhlin property. We need to impose some 
conditions on comparison of projections in order to make the proofs work. These 
will be automatically satisfied in the cases we are interested in, because in those 
cases both the original algebra and the crossed product satisfy the much stronger 
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condition that the order on Kq is determined by traces. The result is related to 
Lemma 3.8 of 

At the end of this section, we use these results to prove a version of Theorem 12. 71 
for the fixed point algebra in place of the crossed product. 

The following cancellation condition is needed in the main theorem of this sec- 
tion. 

Definition 4.1. Let D be a unital C*-algebra. We say that the weak divisibil- 
ity property holds for projections in D if whenever N E N and ex, e%, . . . , ejv and 
fx, f%, . . . , /jv+i are two sets of mutually Murray- von Neumann equivalent orthog- 
onal projections in D such that ^^x fk ~ Efc=i e k> then fx ^ ex- 
Lemma 4.2. Let A be a simple unital C*-algebra with tracial rank zero. Then 
the projections in A have the weak divisibility property. 

Proof. Without loss of generality ex ^ 0. For any tracial state r on A, we have 
r(ei) > and (JV + 1)t(/i) < iVr(ei), so r(/i) < r(ei). By Theorem^ the order 
on projections over A is determined by traces, so /i ^ ei. I 

Theorem 4.3. Let A be a simple unital C*-algebra and let a € Aut(A) be tra- 
cially approximately inner and satisfy a™ = id.4- Suppose that the action of Z n 
generated by a has the tracial Rokhlin property. Assume that A has cancellation 
of projections, and that the projections in C*(Z„, A, a) have the weak divisibility 
property fPefinition I4.1|l . Then the dual action of Z„ on C*(Z n ,A,a) has the 
tracial Rokhlin property and its generator is tracially approximately inner. 

Proof. Let B = C*(Z n ,A,a), and let u E B be the standard unitary (satisfying 
uau* = a(a) for a E A). Let a E Aut(-B) be the automorphism which generates 
the dual action. Thus, with uj — exp(27rz/n), we have a(u) — lou and a(a) = a for 
a E A. 

When we verify the definition of the tracial Rokhlin property and of tracial 
approximate innerness for a, we may clearly assume that the finite set has the form 
F = Fq U {u} for some a-invariant finite subset Fq of the unit ball of A. We now 
claim that we may take the nonzero positive element x E B to in A. Theorem 4.2 
of [2] shows that if A has Property (SP), then so does B. Moreover, B is simple 
by Corollary 1 1.121 so Theorem 4.2 of [HI] also shows that if B has Property (SP), 
then so does C*(Z n ,B, a) = M n {A). Property (SP) obviously passes to hereditary 
subalgebras, so we see that A has Property (SP) if and only if B has Property (SP). 
If A and B do not have Property (SP), then by Lemma fOl and Remark 13.21 we may 
as well take x = 0. If A and B have Property (SP), and if x E B is a nonzero positive 
element, then we can choose a nonzero projection go G xBx, and use Theorem 4.2 
of to find a nonzero projection p E A such that p ^ go in B. It clearly suffices 
to use p in place of x. This proves the claim. 

Accordingly, let _Fo be an a-invariant finite subset of the unit ball of A and set 
F = Fq U {u}, let e > 0, let N E N, and let x E A be a nonzero positive element. 
Without loss of generality s < 1. 

Choose a projection e E A and unitaries Vx, i>2 £ ^Ae following Proposition 13. 61 
with Fo in place of F, with (n + 2) _1 e in place of e, with N(n + 1) in place of N, 
and with x as given. In B, since 

u n = 1, = e, ueu* = a(e) = e, and itviu* = = vx, 



CROSSED PRODUCTS AND T RACIAL ROKHLIN 



2!) 



we have (u*vi) n — e. Moreover, for a £ Fq we have 

£ 

\\v\{eae)v"[ — a(eae)|| < — — - and u(eae)u* = a(eae), 

so 

s 

\\(u Vi)(eae)(u Vi) — eae\\ < . 

n + 2 

Therefore, for < j < n — 1 we have 

\\{u*v 1 ) j {eae)-{eae)(u*v 1 y\\<j(—^—) < 



n + 2 ~ n + 2 



Define projections ej £ B by 



W J u*v 1 ) k 



k=0 



for < j < n — 1. Then Xw=o e j = e - Moreover, 



3- 

n— 1 , ti-1 

e i+ i. 



n * — ' n 

k=o k=0 



Also, u commutes with v\, hence with u*V\, hence with all ej, and for a £ Fq we 
have 



||aej — e j a 1 1 = \\aeej — e,jae\\ < 2\\ea — ae\\ + \\ (eae)ej — ej(eae)\\ 

n-l 

I 

< 2 Ilea — ael 



_j n— 1 

E||(eae)(u*wi) fc - (u*v 1 ) k (eae) 



n 

k=0 

We have verified Conditions (1) and (2) of Definition 11.11 For Condition (3), we 
observe that 1 — e is Murray-von Neumann equivalent to a projection in xAx. 
Condition (4) will be verified below. 

We now set v — u*V2 and verify the first four conditions of Definition 13. 11 using 
the same projection e as before. The first two and the fourth have already been 
done. For the third, first consider a £ i*o- We have 

II (u*V2)(eae)(u*V2)* — eae\\ < 

n + 2 

for the same reason that this holds for v\ in place of v-i . So 

^ ... £ 

\\v(eae)v* — S(eae)|| = ||w(eae)u* — eae\\ < < e. 

n + 2 

Furthermore, 

vuv* — u*V2Uv^u = a^ 1 (v2)v2U = UJV2V2U — a(u). 
It remains to verify the last condition of both definitions. We have 

VV\V* = U*V2V\V2U = a^ 1 (V2V1V2) ~ (u!V2)vi (liJ^V^) — V2V1V2. 

Combining this with the computation of vuv* and the estimate || ^I'li'S — v i\\ < 
(n + 2)~ 1 e, we get 



\\v(u*Vi)v* — u> 1 u*vi\\ < 



n + 2 
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By induction, 

\\v(u*vi) k v* - (orV«i)*|| < " ; 



n + 2 
for k > 1. Therefore 



n-l 



mil < - y ik^u»v - (^-(^v^)* 

n ^- — ' 



n 

fc=0 



n-l 



fee 

< - > < e. 



,0 



n ^— ' n + 2 

fc=0 

Since e < 1, it follows that is unitarily equivalent to 

By construction there are N(n + 1) mutually orthogonal projections 

51,52, ■ • ■ ,9N(n+i) < e, 
each of which is Murray- von Neumann equivalent to 1 — e. For < m < n set 

N 

h m = ^""^ 9mN+ki 
k=l 

which arc n + 1 mutually orthogonal projections in eAe, each of which is Murray- 
von Neumann equivalent to h . The weak divisibility property for projections in 
B implies that h is Murray-von Neumann equivalent in B to a subprojection of 
eo- Thus there are N mutually orthogonal projections in eoBeo, each of which is 
Murray-von Neumann equivalent to 1 — e. Since eo, e\, . . . , e n -\ are all unitarily 
equivalent in B, the same is true for ejBej for < j < n — 1. This is Condition (4) 
of Dcfinition ll.il Since eo < e, we also have Condition (5) of Definition 13. II I 

Corollary 4.4. Let A be a simple unital C*-algebra and let a G Aut(A) be tra- 
cially approximately inner and satisfy a™ = id^- Suppose that the action of Z n 
generated by a has the tracial Rokhlin property. Assume that A has cancellation 
of projections. Then A has tracial rank zero if and only if C*(Z„, A, a) has tracial 
rank zero. 

Proof. If A has tracial rank zero, the conclusion is Theorem 12.71 So suppose that 
C*(Z n ,A,a) has tracial rank zero. Then the projections in C*(Z n , A, a) have the 
weak divisibility property by Lemma 14.21 Theorem 14.31 applies, so that the dual 
action of Z„ on C*(Z n ,A,a) has the tracial Rokhlin property. Therefore Theo- 
rem implies that the crossed product by the dual action has tracial rank zero. 
Since this crossed product is isomorphic to M n ®A, it follows from Theorem 3.12(1) 
of [37j that A has tracial rank zero. I 

Now we turn to the fixed point algebra. 

Proposition 4.5. Let A be a C*-algebra, let G be a compact group, and let a: G — > 
Aut(A) be a continuous action of G on A. Suppose C*(G,A,a) is simple. Then 
the fixed point algebra A a is simple, is isomorphic to a full hereditary subalgebra 
of C*(G,A,a), and is strongly Morita equivalent to C*(G, A, a). 

Proof. See the Proposition, Corollary, and proof of the Corollary in [SS] . I 
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Corollary 4.6. Let A be a simple unital C*-algebra, and let a £ Aut(A) be an 
automorphism which satisfies a n = idyi and such that the action of Z„ generated 
by a has the tracial Rokhlin property. Suppose that A has tracial rank zero. Then 
the fixed point algebra A a has tracial rank zero. 

Proof. Theorem 12 . 71 implies that C*(Z n ,A, a) has tracial rank zero. This algebra 
is simple by Proposition 1 1.1 21 It therefore follows from Proposition 14. 51 that A a is 
isomorphic to a hereditary subalgebra in C*(2 n ,A,a). So Theorem 3.12(1) of 
implies that A a has tracial rank zero. I 

Corollary 4.7. Let A be a simple unital C*-algebra, and let a S Aut(A) be a 
tracially approximately inner automorphism which satisfies a™ = id,t and such 
that the action of Z„ generated by a has the tracial Rokhlin property. Assume 
that A has cancellation of projections, and that the fixed point algebra A a has 
tracial rank zero. Then A has tracial rank zero. 

Proof. The crossed product C*(Z n ,A,a) is simple by Proposition 11.121 It there- 
fore follows from Proposition 14.51 that A a and C*(Z n ,A, a) are strongly Morita 
equivalent. Since everything is unital, C* (Z n , A, a) is isomorphic to a hereditary 
subalgebra in some matrix algebra over A a . Therefore Theorems 3.10 and 3.12(1) 
of [2Zj imply that C* (Z n ,A, a) has tracial rank zero. Now Corollary ^31 shows that 
A has tracial rank zero. I 

5. Higher dimensional noncommutative toruses 

In this section and the next two, we prove that every simple higher dimensional 
noncommutative torus is an AT algebra. 

The first result in this direction was the Elliott-Evans Theorem ^] for the 
ordinary irrational rotation algebras, which we use here as the initial step of an 
induction argument. Without giving a complete list of later work, we mention four 
highlights. All simple three dimensional noncommutative toruses were shown to 
be AT algebras in 02]. In arbitrary dimension, "most" simple higher dimensional 
noncommutative toruses were shown to be AT algebras in |SJ. Corollary 6.6 of |33] 
gives this result in all cases in which, in the skew symmetric matrix giving the 
commutation relations, the entries above the diagonal are rationally independent, 
as well as some others. Theorem 3.14 of shows that the crossed product of 
(5 1 ) d by a minimal rotation is an AT algebra; in this case, most of the entries of 
the relevant skew symmetric matrix are zero. 

The proof of Corollary 6.6 of is an induction argument: if, when the non- 
commutative torus is written as a successive crossed product by actions of Z, all the 
intermediate crossed products are simple, then the main results of |3U reduce the 
problem to the Elliott-Evans Theorem. One has some choice here: different choices 
of the commutation relations may well give the same C*-algebra. As a very simple 
example, one might simply write the generators in a different order. Unfortunately, 
it seems not to be possible in general to choose commutation relations to give the 
same algebra, or even a Morita equivalent algebra (see and in such a way 

that the method of Corollary 6.6 of applies, or even in such a way as to get 
a tensor product of algebras to which this method applies. However, if one allows 
one more kind of modification, namely the replacements of unitary generators by 
integer powers of themselves, then it is always possible to replace a noncommuta- 
tive torus by a tensor product of algebras covered by Corollary 6.6 of [3Sj- The 
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new algebra isn't isomorphic, or even Morita equivalent, to the original. But if one 
replaces only one generator, the new algebra is the fixed point algebra of a tracially 
approximately inner action of a finite cyclic group which has the tracial Rokhlin 
property. This operation thus preserves tracial rank zero. Because Kq and K\ are 
torsion free, the classification theorem for simple nuclear C*-algebras with tracial 
rank zero, Theorem 5.2 of |42j . shows that this operation preserves the property of 
being an AT algebra. 

In this section we present, in a form convenient for our purposes, some standard 
facts about higher dimensional noncommutativc toruses. In Section [ft] we prove 
that the relevant actions have the tracial Rokhlin property, and in Section [7] we 
show how to combine this result with J^l, and 02] to prove that all simple 
higher dimensional noncommutative toruses are AT algebras. 

Notation 5.1. Let 9 be a skew symmetric real d x d matrix. The noncommuta- 
tive torus Ag is by definition |54| the universal C*-algebra generated by unitaries 
ui, U21 ■ ■ ■ i u d subject to the relations 

UkUj — exTp(2TTi9jj : )ujUk 

for 1 < j. k < d. (Of course, if all 6j t k are integers, it is not really noncommutative.) 

Some authors use 9k j in the commutation relation instead. See for example |34j . 

Remark 5.2. We note (see the beginning of Section 4 of [121 and the introduction 
to [23) that Ag is the universal C*-algebra generated by unitaries u x , for x £ Z d , 
subject to the relations 



for x, y £ Z d . 

It follows that if B £ GLd(Z), and if B t denotes the transpose of B. then 
A B t 9B = Ag. That is, Ag is unchanged if 9 is rewritten in terms of some other basis 
of Z d . 

Remark 5.3. Let a be a skew symmetric real bicharacter on Z d , that is, a Z- 
bilinear function a: Z d x Z d — > R such that a(x,y) = —a(y,x) for all x, y £ Z d . 
For any basis (61,625 - •< ,°d) of Z d , there is a unique skew symmetric real d x d 
matrix 9 such that 



for all x, y £ Z d . We define A a = Ag. Remark |5 . 21 shows that this C*-algebra is 
independent of the choice of basis. 

Remark 5.4. Let a be a skew symmetric real bicharacter on Z d , and let H C Z d 
be a subgroup. Then H = Z rn for some m < d. By abuse of notation, we write a\jj 
for the restriction of a to H x H C Z d x Z d . There is a noncommutative torus A a \ H 
by Remark 15.31 which does not depend on the choice of the isomorphism H = Z"\ 
For a skew symmetric real dxd matrix 9 and a subgroup H C Z d with a specified 
ordered basis, we write 9\h for the matrix in that basis of the restriction to H of the 
real bicharacter (x, y) 1— * (x, By). For subgroups such as Z rn x {0} or Z rn x {0} x Z l , 
we use without comment the obvious basis. 

We formalize a remark made in 1.7 of |13j. according to which all noncommuta- 
tive toruses can be obtained as successive crossed product by Z. 



u y u x = exp(TTi(x,9(y)))u x+ 



a 
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Lemma 5.5. Let a be a skew symmetric real bicharacter on Z d . Then there is an 
automorphism ip of A a \ zd _ 1 which is homotopic to the identity and such that 

A a = C*(Z, A a \ . . , ip). 

" V ' "lzd-1 x {0} ' r ' 

Proof. Let 8 be the matrix of a in the standard basis. Let f3 = a| Z £i-ix{o}- Then 
the matrix of /3 is (Oj,k)i<j,k<d-i- Let ui, it2, . . . , lid-i be the standard generators 
of Ap. Then tp is determined by p(uj) = exp(2irictj^d)uj . It is clear that ip is 
homotopic to the identity. I 

The following definition is essentially from Section 1.1 of |58| . 

Definition 5.6. The skew symmetric real d x d matrix 8 is nondegenerate if when- 
ever x G Z d satisfies exp(2iri(x,8y)) — 1 for all y G Z d , then x — 0. Otherwise, 
8 is degenerate. We similarly refer to degeneracy and nondegeneracy of a skew 
symmetric real bicharacter on Z d . 

Lemma 5.7. Let 9 be a skew symmetric real d x d matrix. Then 9 is degenerate 
if and only if there exists x G Q d \ {0} such that (x, By) G Q for all y G Q d . 

Proof. If 9 is degenerate, choose w ^ such that exp(2iri(w,9y)) = 1 for all 
y G Z d . Then (w,9y) G Z for all y G Z d . If now y G Q rf is arbitrary, then there 
exists m G Z \ {0} such that my G Z d . So 

Conversely, assume x G Q d \ {0} and (x, By) G Q for all y G Q d . Choose 
to G Z with to > such that m(x, 85k) G Z for 1 < fe < d. Then tox 7^ and 
exp(27Tj(ma:, By)) = 1 for all y G Z d . I 

Lemma 5.8. Let 9 be a skew symmetric real dxd matrix. Let B G GL^Q). Then 
B t BB is nondegenerate if and only if B is nondegenerate. 

Proof. It suffices to prove one direction. Suppose 9 is degenerate. By Lemma 15.71 
there is x G Q d \ {0} such that (x, By) G Q for all y G Q d . Then B~ x x G Q d \ {0} 
and 

(B^x, B t BBy) = (x, BBy) G Q 
for all y G Q d . So B t BB is degenerate. I 

The following result is well known. 

Theorem 5.9. The C*-algebra Ag of Notation 15.11 is simple if and only if B is 
nondegenerate. Moreover, if Ag is simple it has a unique tracial state. 

Proof. If 8 is nondegenerate, then Ag is simple by Theorem 3.7 of |58|. (Note the 
standing assumption of nondegeneracy throughout Section 3 of |58|.) 

When Ag is simple, the proof of Lemma 3.1 of [SS] shows that Ag can have at 
most one tracial state. Existence of a tracial state is well known, or can be obtained 
from Lemma 15.51 by induction on n. 

If B is degenerate, then we follow 1.8 of [12]. Choose n G Z d \ {0} such that 
exp(27ri(n, By)) = 1 for all y G Z d . Then v = u™ 1 ^ 2 ■ ■ ■ u^ d is a nontrivial element 
of the center of Ag, which is therefore not simple. I 
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6. The tracial Rokhlin property and higher dimensional 
noncommutative toruses 

In this section, we prove that if 9 is nondegenerate, then the action of Z„ which 
multiplies one of the standard generators of Ag by a primitive n-th root of 1 has 
the tracial Rokhlin property. We note for comparison the related result in Section 6 
of |34| . that if a G Ant (Ag) is of the form oe(iij) = Ajtij, with Ai, A2, . . . , A„ G S , 
and if all positive powers of a are outer, then a has the Rokhlin property. 

As is done in the proof in 0] that Ag has real rank zero, and analogously to 
Section 6 of P| . we will reduce to a construction in the ordinary irrational rotation 
algebras. We therefore begin with several facts about these algebras. 

For reference, and to establish notation, we state the following theorem. Its 
proof is contained in Theorem 1.1 and Proposition 1.3 of pQ. Also see Corollary 3.6 
and Definition 3.3 of We refer to for information on continuous fields 

of C*-algebras. See especially Sections 10.1 and 10.3. We use v and w for the 
generators of the irrational rotation algebra, to avoid confusion with the generators 
Hi, v>2, ■ ■ ■ , Ud of a higher dimensional noncommutative torus Ag. 

Theorem 6.1. For r\ G R let A v be the rotation algebra, the universal C*-algebra 
generated by unitaries v n and w v satisfying w^v^ — eKp(2i:iri)v ri w ri . Let A be 
the C*-algebra of the discrete Heisenberg group, which is the universal C*-algebra 
generated by unitaries v,w, z subject to the relations 

wv = zvw, zv — vz, and zw = wz. 

Then there is a continuous field of C*-algebras over S 1 whose fiber over exp(27rify) 
is A n , whose C*-algebra of continuous sections is A, and such that the evaluation 
map ev,j : A — > A n of sections at exp(27ri?7) is determined by 

ev v (v) — v rn ev v (w) — w v , and ev r) (z) = exp(27ri?i) • 1. 

Since we will only formally deal with one continuous field in this section, the 
following notation is unambiguous. 

Notation 6.2. For a subset E C S 1 , we let T(E) be the set of continuous sections 
of the continuous field of Theorem 16 . II over E. (See 10.1.6 of 

For any such section a, we further write a(rj) for a(exp(27ri?7)). No confusion 
should arise. 

Lemma 6.3. Let the notation be as in Theorem 16 . II and Notation 16.21 Let r n be 

the standard trace on A n , satisfying r(l) = 1 and t t) (vT'w'!1) = unless m = n = 0. 
Let U C 5* 1 be an open set, and let a G r(£7). Then 77 1— > T v (a(rj)) is continuous. 

Proof. We check continuity at ijq. Choose a continuous function h: S 1 — + [0, 1] such 
that supp(/i) C U and such that h = 1 on a neighborhood of 770. Then it suffices 
to consider the continuous section ha in place of a. Now ha is the restriction to 
U of a continuous section b defined on all of S 1 , satisfying &(£) = for £ G" U. 
Accordingly, we may restrict to the case U — S 1 . Then a G A. 
From the formulas 

ev T? (w) = v v , ev n (w) — w n , and ev^(z) = exp(27ri?7) • 1 

and the definition of r r) , it is immediate that if b is any (noncommutative) monomial 
in v, w, z, and their adjoints, then rj ^ T v (b(rj)) is continuous. Therefore the 
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same holds for any noncommutative polynomial, and hence for any norm limit of 
noncommutative polynomials, including a. I 

Lemma 6.4. Let the notation be as in Theorem lfi. H and LemmaEH Let rj £ R\Q. 

Let n £ N, let u> — exp(27ri/n), and let a: A v — ► A v be the unique automorphism 
satisfying a(v v ) — ujv ti and a(w v ) = w v . Then for every e > there exist mutually 
orthogonal projections eo, ei, . . . , e n _i such that (with e„ = eo) we have a(ej) = 
for < j < n — 1, and such that 1 — nr^(eo) < e. 

Proof. Set e = Let /: S 1 — > [0, 1] be a continuous function such that supp(/) 
is contained in the open arc from 1 to w, and such that /(£) = 1 for all £ in the 
closed arc from exp(2-7rz£o) to exp (2iri \— — £q\\ Then f(v n ) is a positive element 
of A n with ||/(w^)|| < 1 and T v (f(v v )) > ^ — 2e - Since A n has real rank zero (see 
Remark 6 of |15| . or Theorem 1.5 of 0), there is a projection eo in the hereditary 
subalgebra B of A v generated by f(v v ) such that \\eof(v v ) — f(v v )\\ < eo- Therefore 
ll e o/(^r;)eo — f{vri)\\ < 2eo- Since eof(v v )eo < eo, it follows that 

T,,(e ) > T v (e f(v v )e ) > T v (f(v v )) - 2e Q > ± - 4e - 

We have a k (f(v v ))a l (f(v v )) = for < k, I < n - 1 and k + I. Therefore 
a k (B)a l (B) = {0} for such k and I, whence also a fc (eo)a'(eo) = 0. Define ej, = 
a fc (eo) for < k < n— 1. Then eo, e±, . . . , e n _i are mutually orthogonal projections 
such that ot{e.j) = e J+ i for < j < n — 1. Moreover, 

1 - ?iT, ; (e ) < 1 - n (i - 4e ) = 4ne = e, 

as desired. I 

We now return to the higher dimensional noncommutative toruses. The idea is 
to find an approximately central copy of an ordinary irrational rotation algebra A^, 
such that the restriction to it of our action is the one in Lemma 16.41 Since the 
projections in A n must be chosen ahead of time, at least approximately, we must 
require that -q be arbitrarily close to some fixed r] . Nondegeneracy enters through 
Lemma lfT7l below . To obtain the correct restricted action, we use the condition (3) 
in Lemma |6 . 1 21 below. From then on, we roughly follow the argument used in |S] 
to prove approximate divisibility. We vary the arrangement slightly to make part 
of the argument easily available for later use. 

Definition 6.5. Let 8 be a skew symmetric real d x d matrix. Let 

n = (n±, tt-2, . . . , rid) G Z d and v — u^u 1 ^ 2 ■ ■ ■ u^ d £ Ag. 

We write "f n for the inner automorphism Ad(u) of the noncommutative torus 
Ag. We further define a homomorphism a: Z d — > (S 1 )'* by the formula o~(ri)j — 
exp(2iri(9n)j) for 1 < j < d. (Here the expression 6n is the usual action of a d x d 
matrix on an element of R d .) 

Lemma 6.6. Let 9 be a skew symmetric real d x d matrix. With 7 and a as in 
Definition 16.51 we have J n ( u j) — a { n )j u j f° r n E Z d and 1 < j < d. Moreover, if 
to e Z d , then 

7 „« 1 < 2 • • ■ uj d ) = exp(2«(m, Bn))u^u™ 2 ■■■u™ d 

for all n£Z d . 



3(5 



N. CHRISTOPHER PHILLIPS 



Proof. The first formula is the special case of the second obtained by setting m = 5j, 
the j-th standard basis vector of Z d . By linearity, both formulas will follow if we 
check the first when m = Sj and n = 5}.. Since (96k)j — 9j,ki this is just the 
commutation relation 

UkUjii* k = exp(2iri9j i k)uj, 
which is the same as the one in from Notation 15. II I 

Lemma 6.7. Let 9 be a skew symmetric real d x d matrix. The homomorphism 
a: Z d — > (S ,1 ) d of Definition 16 . 51 has dense range if and only if 9 is nondegenerate. 

Proof. Assume a does not have dense range. Let H = a(Z d ), which is a proper 
closed subgroup of (5' 1 ) d . Choose a nontrivial character \i : {S Y ) d — > S 1 whose kernel 
contains H. By the identification of the dual group of {S 1 )' 1 , there is r £ Z d \ {0} 
such that 

M (Ci, C2,..., ( d ) = Ci 1 

for all C € [S 1 ) 4 . Because H C Ker(ji), for all n S Z d we have 

1 = (J,{a(n)) = cxp(2ni(9n) 1 ) ri exp(27ri(6»n) 2 ) r2 • • • exp{27ri(9n) d ) rd 
— exp(27ri(r, On)). 

Thus is degenerate. 

Now suppose that 9 is degenerate. Then we may choose r E Z d \ {0} such that 
exp(2iri(r,9n)) — 1 for all n G Z d . Reversing the above calculation, we find that 
the nontrivial character 

/i(Ci,c 2 ,...,c<i) = crc 2 r2 ---c? 

satisfies n(a(n)) = 1 for all ncZf Therefore a does not have dense range. I 

Corollary 6.8. Let 9 be a nondegenerate skew symmetric real d X d matrix. Let 
G C Z d be a subgroup with finite index. Let a: Z d — > (S' 1 )' 2 be the homomorphism 
of Definition 1631 Then cr(G) is dense in (S 1 )^ 

Proof. Let ff = c(G). Let 5 be a set of coset representatives for G in Z d . Then 
the sets a(m)H, for m e 5, are closed and are pairwise equal or disjoint. By 
Lemma ffi. 71 their union is (S' 1 ) d . Since there are finitely many of them, and since 
(S 1 ) 4 is connected, it follows that all are equal to I 

Corollary 6.9. Let 9 be a nondegenerate skew symmetric real d X d matrix. Let 
Ci) C2j ■ ■ ■ 7 Cd € S . Let a € i« be the automorphism determined by Ci(iij) — QjUj 
for 1 < j < d. Then a is approximately inner. 

Proof. It suffices to find, for all e > 0, a unitary ugij such that \\a(uj)~ vujV*\\ < 
e for 1 < j < d. Choose S > small enough that if (wi, 0J2, ■ ■ ■ , Wd) £ (S 1 ) 4 satisfies 

d((wi,w 2 , ■ ■ - (Ci,C2, ■ ■ ■ ,Cd)) < 5, 

then |o>j — Cj| < £ for 1 < j ^ < 0?. Then use Lemma f6. 71 to choose n S Z d such that 
d(fi(n), (Ci, (21 ■ • • i Cd)) < <5- Take u = u^u^ 2 ■ ■ ■ u^ d and use Lemma Ifi. 61 I 

The following corollary seems to be of interest, but will not be used here. 
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Corollary 6.10. Let 9 be a nondegenerate skew symmetric real d x d matrix. 
Let n £ N and let co = exp(27ri/n). Let 1 < k < d, and let a £ Ag be the 
automorphism determined by a(v,k) = WMt and oi(uj) = Uj for j k. Then for 
every finite set F C Ag and every e > there is a unitary v £ Ag such that a(v) = v 
and ||a(a) — vav*|| < e for a £ F. 

Proof. Without loss of generality k = 1. The proof is the same as for Corollarv l6.9l 
but using the finite index subgroup nZ © Z d_1 in place of Z d . This substitution is 
valid by Corollary 16. 81 I 

Lemma 6.11. Let 9 be a nondegenerate skew symmetric real d x d matrix. Let 
n, N £ N, and let 1 < k < d- Then for every e > there exists I = (h,h, ■ ■ ■ ,ld) £ 
Z d such that: 

(1) v = u l ^u l 2 2 • ■ -u l £ satisfies \\vuj — Ujv\\ < e for 1 < j < d. 

(2) h = l (mod n). 

(3) There is j such that > N. 

Proof. Without loss of generality k = 1. Set a — Ad(u*). There are Ci> C2» • • • > Cd G 
S 1 such that a(uj) = Cj u j for 1 < i < rf- Let G = nZ © Z d_1 , which is a finite 
index subgroup of Z d . According to Corollary 16.81 the subgroup cr(G) is dense in 
Let 

F = {I £ Z d : \IA < N + 1 for 1 <j < d}. 
Since F is finite, a(G \ F) is also dense in (S ll ) rf . Choose 5 > small enough that 
if (uii,u>2, ■ ■ ■ , ojd) £ (<5 ,1 ) d satisfies 

d((ui,UJ2, ■ ■ -,Ud), (CliC2, • ■ ■ ,Cd)) < ^ 

then |wj — Cj'l < e for 1 < j < d. Then use density of a(G \ F) to choose r £ 
G \ F such that d(a(r), (Ci, C2, ■ ■ ■ , Cd)) < So with v = u^u^ 2 ■ ■ ■ u^ d , we get 
HuoUjUq — uJitjUiH < £ for 1 < j < d. Define 

I = (n + 1, r 2 , • • . , r d ) <E Z rf and « = u^Uj 2 ■ • • u l j = ui«o £ Ag. 

Clearly H^Mj-ti* — Uj\\ < e for 1 < j < d. We have l± = 1 (mod n) because r\ £ nZ. 
We have \lj\ > N for some j, because \rj\ > N + 1 for some j. I 

The next lemma is the analog in our context of Lemma 4.6 of 

Lemma 6.12. Let 9 be a nondegenerate skew symmetric real d x d matrix. Let 
n £ N, let 1 < A; < d, and let 770 S R \ Q. Then for every e > there exist 

I = (li, l 2 , ■ ■ ■ , Id) £ Z d and m — (mi, m 2 , . . . , m<j) e Z d 

such that: 

(1) i> = U1U2 ■ ■ ■ and t« = uj™ 1 ^™ 2 • • • w™ d satisfy \\vv,j — Ujv\\ < £ and 
\\wUj — Ujw\\ < s for 1 < j < d. 

(2) There isrj £ R\Q such that | exp(27ri77) — exp(27ri?7o)| < e and the unitaries 
v and w of Part (1) satisfy wv = exp(2irir])vw. 

(3) Ik = 1 (mod n) and = (mod n). 

Proof. Without loss of generality fe = 1 and rjo £ [— |, |]. Choose JV € N so large 
that 2ir/N < e. Use Lemma f6 . 1 II with 0, n, and e as given, with k = 1, and with 
this value of iV, obtaining 

ZeZ d and u = u i 1 1 4 2 ---4 <i . 
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Note in particular that ||i>Wjt>* — Uj\\ < s for 1 < j < d and h — 1 (mod n). Let s 
be an index such that \l s \ > N. 
Let 

T = {i] e R: {u^u 2 • • • u d d )v (v^u? ■ ■ ■ u/)* = exp(2mri)v for some r e Z d ) . 

Then T is a subgroup of R which is generated by d + 1 elements, namely 1 and 
elements corresponding to letting r run through the standard basis vectors of Z d . 
So Tn Q is also finitely generated, and is therefore discrete. Since 770 ^ Q, we have 
dist(r? , T (1 Q) > 0. Set e = mm(e, dist^o, T n Q)). 
Set 

d 

M = 2_.\h\ an< i ^ — mm (j2 £ 0i M~ 1 eq) ■ 
j=i 

Let G be the finite index subgroup G = nZffi Z d_1 C Z d . Let 

A= (1, 1, exp(27rMto/Z,), 1, l)e (S 1 )", 

where exp(27rz?7o/^s) is in position s. Use Corollary 16. 81 and Lemma [6.61 to choose 
m E G such that cr(m), as in Definition ^. 51 is so close to A that w = u^u™ 2 ■ ■ ■ u™ d 
satisfies Hiuujiu* — Uj\\ < S for j =/= s, and ||wit s w* — exp(2Trir]o/l s )u s \\ < S. 
Since 8 < e, it is clear that \\wujW* — Uj\\ < e for j ^ s. Also 

\\wu s w* — u a \\ < \\wu s w* — e'xjp(2iririo/l s )u s \\ + | exp(27ri?7o/Z s ) — 1|. 

Using S < he, the first term is less than \e. The second term satisfies 



J exp(27ri?7o/Zs) — 1| < 27r 



<^)<i. 



Therefore — uj\\ < e for j = s as well. This completes the verification of 

Part (1) of the conclusion. Part (3) holds because mi S nZ by construction. 

It remains to prove Part (2). For each j with 1 < j < d, there is Q £ S 1 such 
that wUjW* = Quj. Then 

wvw* = 

Thus wv = exp(2irir])vw for some r\ S R. By construction we have \Q — 1| < M~ 1 Eq 
for j ^ s, and |f a — exp(27rz?7o/7 s )| < M~ 1 e . It follows that 

\C1C2 exp(2 mm /l s y- \<\l s \- \Cs - exp(2m Vo /l s )\ + ]T • \Q - 1| 

<^|/ J -|A/- 1 e <e . 



Therefore 



- exp(27rir7o)^w|| = | Ci 1 C2 2 ' • • Ci - exp(27ra7 )| < e , 



which is the same as | exp(27rz7y) — exp(27rz7yo)| < £q. In particular, | exp(27rz?y) — 
exp(27ri77o)| < e, as desired. Moreover, rj 6 T and there is no p € T n Q such that 
I cxp(27rip) — exp(27ri?7o)| < £0, whence 77 ^ Q. I 

The proofs of the next two results together parallel the proof of Theorem 1.5 
of jnj- The first of them says, roughly, that higher dimensional noncommutative 
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toruses contain approximately central copies of irrational rotation algebras, con- 
structed in a special way. It will be used again later. Unfortunately, the rotation 
parameter varies with the degree of approximation. 

Lemma 6.13. Let 9 be a nondegenerate skew symmetric real d x d matrix, let 
n £ N, and let 1 < k < d. Then for every i] £ R, every open set U £ S 1 
containing exp(27rz?7o), every finite subset F C Ag, every finite subset S C T(U) 
(following Notation 16. 2) , and every e > 0, there exist r\ £ R \ Q and 

I = (h, h, ■ ■ ■ , Id) S Z d and m = (mi, m 2 , . . . , ma) G Z d 

such that: 

(1) 1 77 — 770 1 < £ and exp(27riry) e J7. 

(2) x = U1U2 ■ ■ ■ u£ and y = u" ll u™ 2 ■ ■ ■ u™ d satisfy yx = e~xp{2TiiTf)xy . 

(3) Following the notation of Theorem 16. II and with x and y as in Part (2), let 
tp: A n — + Ag be the homomorphism such that f(v n ) — x and <p(w ri ) = y. 
Then ||[o, ip(b(i]))]\\ < e for all a £ F and all b £ S. 

(4) Ik = 1 (mod n) and = (mod n). 

Proof. Let the notation be as in Theorem 16 . II and Notation 16.21 

Without loss of generality e < 1. Then there is £0 > such that whenever £ £ S 1 
satisfies |£ — exp(27riryo)| < £0, there is a unique 77 £ R such that exp(27ri?7) = £ 
and 1 77 — 770I < £. 

Without loss of generality ||a| < 1 for all a £ F. Replacing U by an open 
set V with exp(27r«77o) £ V C V C U, we may assume every 6 6 £ is bounded. 
Then without loss of generality ||&(?y)|| < 1 for all b £ S and 77 £ U. Write F = 
{ai, a 2 , . . . , a s } and S = {61, 62, ... , 6*}. Choose polynomials 91,92, • • • , <7t in four 
noncommuting variables such that 

IISrKc ^0' W ')o: Ko) _ & r(»7o)|| < ^£ 

for 1 < r < t. Because the rotation algebras form a continuous field over S 1 
(Theorem 16 .111 , there is 5 > such that whenever 1 77 — 770 1 < S we have exp(27ri?yo) € 
U, and 

\\g r (v v , v*, w v , w*) - b r {rf)\\ < fe 

for 1 < r < t. 

Choose polynomials /i,/2, • • ■, ft in 2d noncommuting variables such that 

s 

\\fr(u 1: U d , U d ) - Or I] < + ^ 

for 1 < r < s. Choose (see Proposition 4.3 of <5o > such that whenever D is 
a C*-algebra and 

Ci, C 2 , • ■ • , C 2c 2, £^1,^2,^3)^4 € 

are elements of norm 1 which satisfy || [c r ,dj ]|| < <5o for all j and r, then 

||[/r(ci,c 2 , . . . ,c 2 d), gj(di,d 2 ,d 3 ,d 4: )}\\ < \e 

for 1 < r < s and 1 < j < t. 

Apply Lemma 16 . 1 21 with 9, n, 770, and k as given, and with min(eo, S, 5q) in place 
of e. We obtain 77 £ R \ Q and 

I = (I1J2, ■ ■ ■ Jd) & Z d and m — (mi, m 2 , . . . , mj) £ Z d . 

Set 

x = u x -**u£ and y = u x u 2 • • • u d . 
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By the choice of eo, we may assume that | -77 — 770 1 < £, and by the choice of 8 we 
have exp(27ri77o) G U. This is Part (1) of the conclusion. Parts (2) and (4) are 
immediate. 

It remains to prove Part (3). Part (1) of the conclusion of Lemma \Q . 1 21 and the 
choice of So ensure that 

||[/r(«i, v>i, u d , u* d ), 9j{x,x* ,y,y*)]\\ < \e 

for 1 < r < s and 1 < j < t. From the choice of 8, we get 

\\ gj (x,x*,y,y*)\\ < ||^(6 i (? 7 ))|| + fe < 1 + e 

for 1 < j < t. Using the choice of the polynomials f r , we therefore get 

|| [or, f(bj(r]))]\\ < 2\\a r \\ ■ \\<p(bj(v)) ~ 9j(x,x* ,y,y*)\\ 

+ 2\\a r - f r (u!, u\, u d , u* d )\\ ■ \\g j (x,x*,y,y*)\\ 

+ \\[fr(ui, it*, . . . , Ud, u* d ), gj(x,x*,y,y*)]\\ 

for 1 < r < s and 1 < j < t, as desired. I 

Proposition 6.14. Let 9 be a nondegenerate skew symmetric real d x d matrix. 
Let n £ N, let uj — exp(27ri/n), let 1 < k < d, and, following Notation 15.11 let 
a: Ag —>■ Ag the unique automorphism satisfying a(uk) = u>Uk and a(u r ) = u r for 
r^i. Then the action of Z„ generated by a has the tracial Rokhlin property. 

Proof. Let r be the unique tracial state on Ag (Theorem 15.911 . We will show that 
for every e > and every finite subset F a Ag, there are mutually orthogonal 
projections eo, ei, . . . , e„_i G Ag such that: 

(1) \\a(ej) - e J+ i\\ < e for < j < n — 1. 

(2) 1 1 e j a — aej|| < e for < j < n — 1 and a € F. 

(3) 1 — nr(e ) < e. 

We first argue this this is enough to deduce the tracial Rokhlin property. We 
must prove Conditions (3) and (4) in Definition ll.il We first recall that if p, q G Ag 
are projections with r(p) < r{q), then p ^ q. This follows from Theorems 6.1 
and 7.1 of or from Theorems 1.4(d) and 1.5 of [5]. Also, Ag has Property (SP) 
by Theorem 1.4(b) of [S]. If now N G N and a nonzero positive element x G Ag 
are given, then we may use Property (SP) to find a nonzero projection p G xAx. 
Let e = y^j~ Assume, as we clearly may, that e < 1. Then a{ej) ~ So 
t(1 — e) = 1 — n-r(eo) < e, whence r(eo) > ^(1 — e). If 

e < min [ — , , t(p) ) , 

^2' 2nN' KPJ J ' 

then t(1 — e) < e implies r(l — e) < r(p) and A r r(l — e) < r(eo), so that Condi- 
tions (3) and (4) of Definition 1 1 . 1 1 follow from the comparison results above. 

Now we prove Conditions (l)-(3) at the beginning of the proof. Let the notation 
be as in Theorem 16. II and Notation 16.21 Let e > 0. Choose and fix 770 G R\ Q. 
Choose £1 > such that whenever oo,ai, . . . ,a n -i are elements of a unital C*- 
algebra D with 

\\a,ja r — 8j jT aj\\ < £1 and \\a* — a,j\\ < e± 
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for < j, r < n — 1, then there are mutually orthogonal projections 

%AU ■ ■ -,Qn-i e D 

such that — Oj|| < \n~ 1 e for < j < n— 1. (For example, apply Definition 2.2 
and Lemma 2.3 of with the finite dimensional C*-algebra B taken to be C n+1 , 
using in addition the element a n = 1 — Sj=o a i-) Let Po>.Pi) • • • -,Pn-i G 
be the projections eo, ei, . . . , e n _i of Lemma 16.41 for 770 in place of 77 and |e in 
place of e. Because the rotation algebras form a continuous field over S 1 with 
section algebra A ( Theorem 16.10 . we may choose cq, c\, . . . , c„_i € v4 such that 
ev T)0 (c J ) = for < j < n — 1, and we can furthermore find So > such that 
I exp(27roy) — exp(27rz?7o)| < So implies 

ll ev r/(cj)ev J ,(c r ) — Sj ir evr,(cj)\\ < e\ and ||ev^(cj)* — ev^(cj)|| < e\ 

for < j, r < n — 1. Let V C 5 1 be an open set such that exp(27rz?7o) <E V and 
such that £ € V implies |C — exp(27ri77o)| < <^o- Letting Cj|^ denote the restriction 
of Cj, regarded as a section, to V, we get 

II (cj I y)(cr I vr) - Sj>Cj|y|| < £1 and ||(cj| F )* - Cj\ v \\ < e x 
for < j, r < n — 1, so that there are mutually orthogonal projections 

90, gi, • • ■ ,q n -i e r(V) 

such that ||<7j — Cj-|^-|| < ^n~ 1 e for < j < n — 1. Since the restriction map 
A = r(S' 1 ) — > r(V) is surjective, there exist 60, 61, ... , b n -% £ A such that bj \y = qj 
for < j < n — 1 . 

Let the generators of A be as in Theorem l6.ll and let (3 € Aut(A) be the unique 
automorphism such that 

f3(v) = ujv, P(w) = w, and f3(z) = z. 

Let P v & Aut(A v ) be defined by (3 v {v v ) — ujv v and j3 v (w v ) — w v . Then ev,, o (3 = 
o ev^. Since (3 sends continuous sections to continuous sections, there is an open 
set [To C V such that 770 £ Z7o and if 77 S Z7o then for < j < n — 1 and with 
K = b , 

\\^(bM)-b j+ i(v)\\ and W^Mm)) - b j+1 ( Vo )\\ 
differ by less than ^e. For such 77 we have bj(rj) — qj(rf), so, using Cj(r]o) = Pj and 
(3 V0 (pj) — Pj+i at the second last step, 

WfrMAv)) - Qj+i(v)\\ < IIAjafe'M) ~ qj+i(vo)\\ + |e 

< ~ c jMI + Ikj+i - c 3+i\v\\ + \\Pno( c jM) - ^+1(770)11 + \e 

< \n~ 1 s + \n~ l e + \e < e 

for < j < n — 1 . 

Using Lemma [6.31 choose an open set U C Uo such that 770 G U and if 77 G U 
then for < j < n — 1 we have |t^ (9^(77)) — r^ (</j(v7o))| < |7i _1 £- 

Apply Lemma |6. 131 with 9, n, k, 770, U, and _F as given, with min(e, S) in place 
of e, and with S = {qo, qi, ■ ■ ■ , q n -i}- We obtain 77 6 (R \ Q) n [/ and 

Z = (Zi, Z 2 , ■ ■ • Jd) & Z d and m = (mi, m 2 , . . . , m d ) e Z d . 

Set 

x = u[ 1 u l 2 2 ■■■u l d d and y = u^u^ 2 ■ ■ ■ u% d , 
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so that yx = exp(2Trii])xy. Let tp: A v — > Ag be the homomorphism such that 
<p(v v ) = x and ip{w v ) — y, and set ej = (fi{qj(r])) for < j < n — 1. We ver- 
ify Conditions (1), (2), and (3) at the beginning of the proof for this choice of 
eo, ei, . . . , e„_i. 

We do Condition (1). Because l k — 1 (mod n) and = (mod n), we have 
a{x) = lox and a(y) = y. It follows that a o ip = ip o [3 n . Therefore 

IK e i) - e j+i\\ < IIAjfo'fa)) - Sj+iWII < £ 

for < j < n — 1, as desired. 

Condition (2) is immediate from Part (3) of Lemma T6. 131 

Finally, we check Condition (3). By uniqueness of the tracial states, we have 
to ip = t v . Therefore, using the choice of U at the second step and ||<Zj(?7o) —Pj\\ < 
^n~ 1 e at the third step, we get 

T (e 3 ) = T v {qj{r])) > T no ( qj {r]o)) - ^n^e > T m ( Pj ) - |n -1 e. 

Therefore 

1 — nr(e ) < 1 — nr(p ) + |e < le + |e = e. 
This completes the proof of (3). I 

As Hanfeng Li pointed out, the following lemma also holds when 9 is degenerate. 

Lemma 6.15. Let 9 be a nondegenerate skew symmetric real d x d matrix. Let 
n £ N, let co = exp(27ri/n), let 1 < I < d, and, following Notation 15. II let a: Ag — > 
Ag the unique automorphism satisfying a{u{) — ujui and a{uk) — Uk for k j^l. Let 
B £ GLd(Q) be the matrix _B = diag(l, . . . , 1, n, 1, . . . , 1), where n is in the l-th 
position. Then the fixed point algebra Ag is isomorphic to A B t gB . 

Proof. We observe that 

n9j^k j = I or k = I 



fRtflf^ - / n9 ^ k 3 = 1 or k 

(B 9B) hk - | ^ otherwis e 



(Note that (B t 9B)ij = 9u = 0.) Moreover, B t 9B is nondegenerate by Lemma l5~%l 
Therefore 

D = C*(ui, . . . , ui-x, u", ui+i, . .. , Ud) C Ag 
is isomorphic to Agtgg. 

We claim that Ag — D. That D C Ag is clear. For the reverse inclusion, 
define E: Ag -> Ag* by E(a) = ^ E J=o ai ( a ) • Then E 

is a surjective con- 
tinuous linear map, so it suffices to show that E(u™ 1 u!£' 2 ■ ■ ■ u™ d ) £ D for all 
m = (mi, 77i2, ■ ■ ■ , m-d) £ Z d . If mi is divisible by 77 then Tt™ 1 ?^™ 2 • • ■ u™ d is a fixed 
point of E and is in D, and otherwise E{u^ x u^ 2 ■ ■ ■ u n d ld ) = £ D. I 

Corollary 6.16. Let be a nondegenerate skew symmetric real d x d matrix. Let 
77 £ N, let 1 < I < d, and let 

S = diag(l,...,l,77,l,...,l)eGL d (Q), 

where 77 is in the l-th position. Then Agtgs has tracial rank zero if and only if Ag 
has tracial rank zero. 

Proof. The C*-algebra Ag has cancellation of projections, by Theorems 6.1 and 7.1 
of , or by and Theorems 1.4(d) and 1.5 of [5]. The corollary therefore follows 
from Lemma 16.151 Proposition ^. 141 Corollarv l6.9l Corollarv l4.tj| and Corollarv l4.7l 
I 
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7. Direct limit decomposition for simple noncommutative toruses 

In this section, we use the results of the previous two sections to prove that 
every simple higher dimensional noncommutative torus is an AT algebra. (See the 
introduction to Section [5] for a discussion of previous work on this problem.) 

The following result is essentially Corollary 6.6 of . 

Proposition 7.1. Let a be a nondegenerate skew symmetric real bicharacter on 
Z". Suppose that A a \ zn _ 1 {o} is a simple AT algebra with real rank zero. Then 
A a is a simple AT algebra with real rank zero. 

Proof. Let (3 = a|z"-!x{o}- We note that 

by Lemma 15.51 and by repeated application of the Pimsner-Voiculescu exact se- 
quence |48| . In particular, both groups are finitely generated. Further write 
A a = C*(Z,Ap,ip) as in Lemma 15.51 with (p homotopic to the identity. Thus, 
in the notation of [jSj (see the introduction to [HH]), <p E Hlnn(Ap) . So the proof 
of Corollary 6.5 of [jSj shows that the hypotheses of Theorem 6.4 of 3Jj] hold. We 
know from Lemma \b. 91 that A a = C*(Z, Ap, ip) has a unique tracial state. There- 
fore Theorem 6.4 of implies that A a = C*(Z, Ap, tp) is a simple AT algebra 
with real rank zero. I 

Lemma 7.2. The group GL^Q) is generated as a group by GLd(Z) and all ma- 
trices of the form diag(l, . . . , 1, n, 1, . . . , 1), where n S N is nonzero and is in an 
arbitrary position. 

Proof. Let G be the subgroup of GLd(Q) generated by GLd(Z) and the matrices 
diag(l, . . . , 1, n, 1, . . . , 1). It suffices to show that G contains all of the following 
three kinds of elementary matrices: 

Ef\r) =diag(l,...,l,r,l,...,l), 

where r G Q \ {0} and is the j-th diagonal entry in the matrix; the transposition 

(2) 

matrix E y - k ' , for 1 < j < k < d, which acts on the standard basis vectors by 

and the matrix E - fc (r) for 1 < j } k < n with j ^ k and r £ Q, given by 

i> kK A l ' \ S k +r5j I = k 

If r = (—l) m p/q with m — or m ~ 1 and with p and q positive integers, then 
Ef\r) = Ef\{-ir)Ef\p)[Ef\ q )]-\ 

where the first factor is in GL d (Z) and E^(p) and Ef\q) are among the other 

generators of G. The matrix E^jj. is already in GLrf(Z). For E^ k \r), we may 
conjugate by a permutation matrix, which is in GLd(Z), and split off as a direct 



Si 
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summand a (d — 2) x (d — 2) identity matrix, and thus reduce to the case d = 2, 
j = 1, and k = 2. Write r = p/q with p€ Z and q £ N. Then the factorization 

shows that (r) e G. I 

Corollary 7.3. Let 9 be a nondegenerate skew symmetric real d X d matrix. Let 
B € GLd(Q). Then A^t^ has tracial rank zero if and only if Ag has tracial rank 
zero. 

Proof. Combine Lemma IV .21 Remark |5. 21 and Corollary 16.161 I 

Lemma 7.4. Let 6 be a nondegenerate skew symmetric real d x d matrix, with 
d > 2. Suppose that there is no subgroup H of Z d of rank d — 1 such that 6*|jy (in 
the sense of Remark 15.40 is nondegenerate. Let r < d — 1 be the maximal rank 
of a proper subgroup H of Z d such that 9\h is nondegenerate. Then there exists 
B £ GL d (Q) such that B t 9B has the block form 

B*9B=( ,% Pl ' 2 ), 

with pi i and P2.2 nondegenerate skew symmetric real r x r and (tf — r) x (d — r) 
matrices, and where all the entries of are in Z. 

Proof. Let H C Z d be a subgroup of rank r such that is nondegenerate. Since 
9 is not rational, clearly r > 2. Let «2, . . . , u r ) be a basis for H over Z. 
Choose u r +i, . . . , Vd £ Z d such that [v±,v-2, ■ ■ ■ ,Vd) is a basis for Q d over Q. For 
r+1 < fe < d, by hypothesis ^l^+z^fc is degenerate. By Lemma l5~7l there exists Xk £ 
spanq(ff U {wa-}) \ {0} such that (xk, 0y) £ Q for all y £ spang(i? U {vk})- Since 
9\h is nondegenerate, we have Xk & spanq(i/). Therefore Vk £ spanq(i? U {xk})- 
It follows that 

v r+ i, . . . , v d £ span Q (vi, v 2 , . ■ . , v r , x r +i, ■ ■ ■ , x d ), 

so that (vi, V2, ■ ■ ■ , v r , x r+ i, . . . , Xd) is a basis for Q d . By construction, we have 
(x k ,8vi) £ Q for 1 < I < r and r + 1 < k < d. Choose N £ Z \ {0} such that 
N(x kl 9vi) £ Z for 1 < I < r and r + 1 < k < d. 

Let B £ GLrf(Q) be the matrix whose action on the standard basis vectors is 

m =1 Vk l<k<r 

k \ Nx k r + 1 < k < d ■ 

Then for 1 < I < r and r + 1 < k < d, we have 

(6 k ,B t 9B6 l )=N{x k ,9v l ) £ Z. 

Since B t 9B is skew symmetric, this shows that it has a block decomposition of the 
required form. It is immediate to check that the two diagonal blocks must be non- 
degenerate, since otherwise B t 9B would be degenerate, contradicting Lemma f5. 81 
I 

We will use below, and also on several later occasions, the following consequence 
of H. Lin's classification theorem 021 ■ An AH algebra is a direct limit of finite 
direct sums of corners of homogeneous C*-algebras whose primitive ideal spaces 
are finite CW complexes. See, for example, the statement of Theorem 4.6 of |17j . 
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except that we omit the restrictions there on the type of CW complexes which may 
appear; or see 2.5 of [SZj. Also, see Definition 18.71 and Remark 18.81 below for a 
careful statement of what it means to satisfy the Universal Coefficient Theorem. 

Lemma 7.5. Let A be a simple infinite dimensional separable unital nuclear C*- 
algebra with tracial rank zero and which satisfies the Universal Coefficient Theorem. 
Then A is a simple AH algebra with real rank zero and no dimension growth. If 
JC*(j4) is torsion free, then A is an AT algebra. If, in addition, K\{A) — 0, then A 
is an AF algebra. 

Proof. Theorems 6.11 and 6.13 of show that K${A) is weakly imperforated 
and is a Riesz group. We now apply Theorem 4.20 of 17 to find a simple unital 
AH algebra B with real rank zero and no dimension growth whose ordered scaled 
K-theory is the same as that of A. If if* (A) is torsion free, we claim that there is a 
simple AT algebra B with real rank zero whose ordered scaled K-theory is the same 
as that of A. To prove this, note that Kq(A) can't be Z because A has real rank 
zero; then we apply the proof of Theorem 8.3 of 53]- (As noted in the introduction 
to 53] j the part of the order involving K\ is irrelevant in the simple case.) We can 
certainly take the groups in the direct limit decomposition to be torsion free, so 
that the proof shows that all the algebras in the direct system constructed there 
may be taken to have primitive ideal space the circle or a point. Then Theorem 4.3 
of 53] shows they may all be taken to have primitive ideal space the circle. This 
gives the required AT algebra B. Finally, if in addition Ki(A) = 0, following 52] 
we may find a simple AF algebra B whose ordered scaled K-theory is the same as 
that of A. 

Proposition 2.6 of |37] (with C as defined in 2.5 of [37]) implies that simple AH 
algebras with real rank zero and no dimension growth have tracial rank zero. In 
particular, B has tracial rank zero. So the classification theorem for C*-algebras 
with tracial rank zero, Theorem 5.2 of |32J j implies that A = B. I 

Theorem 7.6. Let 9 be a nondegenerate skew symmetric real d x d matrix, with 
d > 2. Then Ag is a simple AT algebra with real rank zero, and in particular has 
tracial rank zero. 

Proof. We prove this by induction on d. The first part of the conclusion is true 
for d = 2 by the Elliott-Evans Theorem 15 , and tracial rank zero follows from 
Proposition 2.6 of [H7j (with C as defined in 2.5 of [SZ])- Suppose d is given, and 
the theorem is known for all skew symmetric real k x k matrices with k < d. Let 9 
be a nondegenerate skew symmetric real d x d matrix. There are two cases. 

First, suppose that there is a subgroup Ho of Z d of rank d—1 such that 9\h ( m 
the sense of Remark 15. 411 is nondegenerate. Set 

H = {x G Z d : There is n G Z such that nx G Hq}. 

Then H is also a subgroup of Z d of rank d—1, and 9\h is also nondegenerate. 
Moreover, Z d /H is torsion free and therefore isomorphic to Z, from which it follows 
that the quotient map splits. Thus there is an isomorphism Z d — > Z d which sends 
H isomorphically onto Z d_1 © {0} C Z d . Accordingly, we may assume that H = 
Z d ~ 1 {0}. By the induction hypothesis, A e \ H is a simple AT algebra with real 
rank zero. So Proposition l7 . II implies that Ag is a simple AT algebra with real rank 
zero. 
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Now assume there is no such subgroup Hq of rank d — 1. Let B be as in 
Lemma IY.4I with 

B t 6B=( , pl '\ t Pl ' 2 
and where in particular all the entries of are in Z. Then Agtg B = A p for 

= f Pi.i o 

P \ p 2 ,2 

Since p, pi.i, and /?2,2 are all nondegenerate, it easily follows that A p = A P1 1 ®A P2 2 . 
By the induction hypothesis, both A P1 1 and A P2 2 are simple AT algebras with real 
rank zero. Therefore A Pl 1 ®A P2 2 is a simple direct limit, with no dimension growth, 
of homogeneous C*-algebras. Since it has a unique tracial state, Theorems 1 and 2 
of 0] imply that A p has stable rank one and real rank zero. This algebra has 
weakly unperforated K-theory by Theorem 6.1 of [22] ■ (Actually, this is true for 
any direct limit of the type at hand.) It now follows from Theorem 4.6 of that 
A pi 1 (gi A p2 2 has tracial rank zero. So Corollary 17 . 31 shows that Ag has tracial rank 
zero. Using Theorem 1.17 of [57] (see the preceding discussion for the definition of 
Af), it follows from Lemma l5~5l that Ag satisfies the Universal Coefficient Theorem. 
Clearly Ag is separable and nuclear. Since 

by Lemma 15.51 and by repeated application of the Pimsner-Voiculescu exact se- 
quence Lemma IV . 51 implies that Ag is an AT algebra. I 

We note that one could use the earlier Theorem 3.11 of JSj to show that A P1 1 eg) 
A P2 2 is an AT algebra with real rank zero, from which it follows that this algebra 
has tracial rank zero. The use of H. Lin's classification theorem, Theorem 5.2 of |42j . 
remains essential, because we can only relate tracial rank zero to crossed products 
and fixed point algebras of actions by finite cyclic groups, not the property of being 
an AT algebra or even an AH algebra. 

Remark 7.7. Since the paper |2Zj remains unpublished, it is worth pointing out 
that the proof of Theorem 17.61 does not actually depend on this paper. In the 
proof of Lemma |6.4I we need to know that the ordinary irrational rotation alge- 
bras have real rank zero, but this follows from Remark 6 of JS]- m the proof of 
Proposition ^. 141 we need to know that traces determine order on projections in Ag 
whenever Ag is simple. The proof of this in Jjj] does not rely on |27j , and in any case 
an independent proof (valid whenever 6 is not purely rational) is contained in ■ 
And in the application of Theorem 6.4 of [33] in the proof of Proposition 17. II we 
use the fact that A a has a unique tracial state, rather than real rank zero, to show 
that Kishimoto's conditions hold. 

One might also hope to prove Lemma fo . 141 using Theorem 18. 21 as is done for the 
noncommutative Fourier transform in Lemma 18.41 and Proposition 18.61 However, 
Theorem 18.21 requires that one know ahead of time that the algebra involved has 
tracial rank zero. 

Recall that the opposite algebra A op of a C*-algebra A is the algebra A with the 
multiplication reversed but all other operations, including the scalar multiplication, 
the same. 
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Corollary 7.8. Let 9 be a nondegenerate skew symmetric real d x d matrix, with 
d> 2. Then (A e ) op = Ag. 

Proof. Every simple AT algebra A with real rank zero is isomorphic to its opposite 
algebra, because the ordered K-theory of A op is the same as the ordered K-theory 
of A. I 

As far as we know, it is unknown whether (Ag) op = Ag for general degenerate 9. 

Remark 7.9. In certain Morita equivalences between higher dimensional non- 
commutative toruses were exhibited. Combining H. Lin's classification theorem for 
simple nuclear C*-algebras with tracial rank zero and the computation of the range 
of the trace on Ko(Ag) in one should be able to completely determine the 
Morita equivalence classes of simple higher dimensional noncommutative toruses. 
We do not carry this out here. 

8. The noncommutative Fourier transform 

For 9 6 R let Ag be the ordinary rotation algebra, the universal C*-algebra 
generated by unitaries u and v satisfying vu = exp(27rz#)uu. The group SL2(Z) 
acts on Ag by sending the matrix 

n = ( nia ni ' 2 \ 

V "2,1 "2,2 / 

to the automorphism determined by 

a„(u) = exp(7rini i in2,i0)M™ 1-1 w™ 2-1 and a n (v) = exp(irini t 2ri2,29)u ni - 2 v n2 - 2 . 

For fixed 9, the actions of finite cyclic subgroups of SL2(Z) are classified and their 
fixed point algebras are found in |18| : the fixed point algebras are described in terms 
of generators and relations in jS] and [22] • There are essentially only four actions: 
an action of Z 2 generated by the flip automorphism 

u i ► u* and v <— > v* , 

an action of Z3 generated by the automorphism 

u 1— > e~ vl6 u*v and v 1— > u* , 

an action of Z4 generated by the noncommutative Fourier transform 

11 1 ► v and v 1— * u* , 

and an action of generated by the automorphism 

u v and »H>e u v. 

One can define a few other automorphisms of the same order by changing the scalar 
factors in the formulas above, but one does not get anything essentially new. See 
Proposition 21 of |23j . 

Here, we will primarily be concerned with the crossed products, although, as 
we will see, for 9 irrational the crossed products are all Morita equivalent to the 
corresponding fixed point algebras. The most is known about the crossed product 
by the flip: its (unordered) K-theory has been computed in [35], and the crossed 
product has been proved to be an AF algebra (TJ3- The next best understood 
case is that of the noncommutative Fourier transform, which has been intensively 
studied in a series of papers culminating in . It is proved there that for "most" 
irrational 9, the crossed product of Ag by the noncommutative Fourier transform 
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has tracial rank zero in the sense of [2Zj, and that for "most" of those values of 9, it 
is in addition an AF algebra. There are three independent parts of the proof that 
this crossed product if AF for "most" 9: the proof that it satisfies the Universal 
Coefficient Theorem, the proof that it has tracial rank zero, and the computation of 
the K-theory. In [H0| the K-theory computation is done for "most" 9, and in |HJ the 
crossed product is shown to have tracial rank zero for "most" 9, and to satisfy the 
Universal Coefficient Theorem for all 9. We prove here, using completely different 
methods, that the crossed product and the fixed point algebra have tracial rank zero 
for all irrational 9, not just "most" 9. Instead of the heavy use of theta functions 
in , we prove that the action of Z4 has the tracial Rokhlin property. We conclude 
that the crossed product is a simple AH algebra with real rank zero for all irrational 
9. To show that the crossed product is AF for all irrational 9 requires in addition 
an improvement on the K-theory calculation. This will be done elsewhere, in joint 
work with Wolfgang Luck and Sam Walters. 

The same methods show that the other three finite cyclic group actions also 
have the tracial Rokhlin property, and that their crossed products also satisfy the 
Universal Coefficient Theorem. These crossed products are therefore also simple 
AH algebras with real rank zero, for all irrational 9. Combining this with the 
K-theory computation in one obtains a new proof that for irrational 9 the 
crossed product by the flip is AF. This computation is subsumed by the work of 
the next section, in which we show that the crossed product of any simple higher 
dimensional noncommutative torus by the analog of the flip is AF. For the actions 
of Z3 and of Zq, we don't know enough about the K-theory to conclude that any 
of the crossed products are AF. 

In this section, we do the case of the noncommutative Fourier transform in detail. 
In the next section, we give a brief description for the actions of Z3 and Zg . 

We start with a general method for proving that an action has the tracial Rokhlin 
property when the algebra has tracial rank zero and a unique tracial state. Most of 
the work is contained in the first lemma. In Theorem 18. 21 we give a useful further 
weakening of the hypotheses. 

As Masaki Izumi has pointed out, we could prove outerness of the actions we are 
interested in by using the fact that the corresponding actions on the factor obtained 
from the trace representation are outer. We have decided to keep the original proof 
because we hope it points the way to generalizations of the methods, and perhaps 
to the right version of the tracial Rokhlin property for actions on C*-algebras with 
few projections. 

Lemma 8.1. Let A be an infinite dimensional simple unital C*-algebra with tracial 
rank zero and with a unique tracial state r. Let a € Aut(A) satisfy a n = id a- 
Suppose that for every finite set F C A and every e > there are positive elements 
ao, 01, . • • , o n _i G A with < cij < 1 such that: 

(1) cijdk — for j 7^ fc. 

(2) \\a{aj) - Oj+iH < e for < j < n - 2. 

(3) ||ojC — cOjH < e for < j < n — 1 and all c 6 F. 

(4) r(l-E"=o%)<£- 

Then the action of Z„ generated by a has the tracial Rokhlin property. 

Proof. We verify the conditions of Definition ll.il Note that r o a — t. Let F C A 
be a finite set, let e > 0, let N G N, and let x £ A be a nonzero positive element. 
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Without loss of generality F is a-invariant and ||a|| < 1 for all a £ F; also, e < 1. 
Since A has real rank zero (Theorem 12.21) . there is a nonzero projection q £ xAx. 
Since also A is infinite dimensional, simple, and unital, Theorem 1.1 (i) of |62| 
provides a nonzero projection q £ A such that 

V(g) 1 1 



r(go) < min 



2n ' 8n' 47Vn 2 



By Lemma 2.3 of [5], applied to 5 = C n+1 (see Definition 2.2 of 5 J, there is 5 > 
such that whenever D is a C*-algebra and pi,P2, ■ ■ ■ ,Pn € D are projections such 
that ||pjPfc|| < S for 1 < j, k < n with j ^ k, then there are mutually orthogonal 
projections qi, q2, ■ ■ ■ , q n £ F> such that \\qk — p^\ < jn£ for 1 < k < n. Set 

.(5 1 1 r(q) 

£ = mm -, 



v 5' 8n(n + 4)' 47Vn 2 (n + 4)' 2n(n + 4), 

By Proposition 12. II there is a projection p £ i and a finite dimensional unital 
subalgebra E C pAp such that: 

(1) \\pa — ap\\ < jqE for all a £ F. 

(2) For every a £ F there exists b £ E such that ||pap — b\\ < -^e. 

(3) 1 — p is Murray- von Neumann equivalent to a projection in q$Aqo. 

Let p^\ p^ 2 \ . . • , p^ be the minimal central projections of E, write p^Ep^ — 
M r (i) with r(Z) £ N, and let : 1 < j, fc < be a system of matrix units for 
p^Ep^ . Define P: pAp — > p^4p by 

^) = E£^Ml 

1=1 k=i 

Then P is a (slightly nonstandard) conditional expectation from pAp onto the 
relative commutant E' n of i£ in pAp. 
Define 

5* = {p% : 1 < I < s and 1 < j, fc < r(/)}, 
which is a complete system of matrix units for E, with cardinality card(S). We 
claim that if a £ pAp then 

|| cz — P (a)|| < card(S') max \\va — av\\. 

To see this, first observe that 

II (0 (0 (0 (0 ii ii (0 r (0 (0 i (0 ll ^ ll (0 (0 ll 
\\Pk,k a Pk,k ~ Pk,i a PiM\ = \\Pk,k Im'i -Pk,i a \PiM\ ^ \\ a Pk,i -Pk,i a \\ ■ 

Using this, we estimate: 

s r(J) 

iio-p(o)n<x; e \\pfii a - p ^PkU 

1=1 j,k=l 

/ fsr^ ii (0 (0 ii , v^ r W ii (/) (/) (o (/) i 

- E E« fe IPij a -p*,fcll + 2^ k =2 \\Pk'k a Pk!k - Pk'im'kl 
i=i ^ 



< card(5) max ||ua — aw|j . 



Y^ r(i) || (0 (0 \\\ 

E fc=2 lk,i a -<illJ 
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This proves the claim. 

Define continuous functions g\, g 2 , 53 : R ► [0, 1] by 

9j(t) = { H \{j-l)<t<\j 

I 1 h<t 

for j = 1, 2, 3. Then .91.92 = .92 and 5253 = .93- Using polynomial approximations 
to gi, g 2 , and 33, choose E\ > so small that whenever D is a C*-algebra and 
a, 6 e D satisfy < a, 6 < 1 and 

|| a — 6|| < max(n, 2 + card(5'))ei, 

then 

hi( a ) - 9i( b )\\ < £0, 1152(a) - .9 2 (»|| < £0, and \\g 3 (a) - .93(0)!! < £o- 

Apply the hypothesis with SU {p} in place of F and with min {s\, jq£q) ln place 
of e, obtaining a , a 1; . . . , a„_i. 

We have \\(paoP)Pj l \ — Pj\{p&oP) \\ < £ i f° r an j; an d fc, whence 
||P(pa p) -pa p\\ < card(5)ei. 

Also, 

\\a - [(1 -p)a (l -p) +pa p}\\ < \\pa (l - p)\\ + ||(1 - p)a p\\ 

< 2\\a p — pa \\ < 2e\. 

Set c = (1 — p)a (l — p) + P(paop)- It follows that 

|| oe. - c|| < [2 + card(5)]ei. 

Evaluating functional calculus in the appropriate corners on the right, we have 

52(c) = g 2 ((l - p)a (l - p)) + g 2 (P(pa p)). 

Therefore, by the choice of £1, we have 

II^K) - [.92 ((1 -p)a (l -p)) + g 2 (P(paop))}\\ < e Q . 

With b = g 2 (P(paop)), which is equal to g 2 (c)p £ E' OpAp, we then get 

||ffi(a )& - b|| = || [gi(a Q )g 2 (c) - g 2 (c)]p\\ < 2\\g 2 (c) - g 2 (a Q )\\ < 2e . 

Similarly, we have ||&5i(ao) — °| < 2£o- 

An inductive argument gives, for < j < n — 1, the first inequality in the 
estimate 

Her* (do) — aj\\ < jei < riE\. 
Therefore, again by the choice of £1, we have 

IK(5i(ao)) - 51(^)11 < £0 
for < j < n — 1. Since g\ (00)51 (a,j) = for 1 < j < n — 1, it follows that 

I I ck j (51 (a. ) )^i («o ) I < £0 

for those j. Consequently, using \\gi(ao)b — b\\ < £0 and ||& • g\ (do) — b\ < £0, for 
1 < j < n — 1 we get 

\\a>(b)b\\ < 4£ + ||a J »a J ( 3 i(a ))gi(a )fo|| < 5e . 
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We note that 

s 

1=1 

which is a direct sum of hereditary subalgebras in A and therefore has real rank 
zero. So there exists a projection / in the hereditary subalgebra of E' fl pAp 
generated by g 3 (P(pa p)) such that \\f gz{P(pa p)) - g 3 (F '(pa p))\\ < e - Since 
b ■ 9?,{P(paap}) = 93(P(pa p)), we get bf = fb = f. Therefore ||a J (/)/|| < 5e - 
Since a n = idyt, we get \\a j (f)a k (f)\\ < 5e for < j, k < n - 1 with j ^ k. By 
the choice Eq < ^5 at the beginning of the proof, there are mutually orthogonal 
projections eo, e\, .. . , e n _i E A such that \\ej — < j^e for < j < n — 1. 

We immediately get 

IHej) - e i+1 || < ||a( ei ) - + \W +1 {f) - e i+1 || < ±e < e 

for < j < n - 2. This is Condition (1) of Definition PI 

We now prove Condition (2). Let a E F and let < j < n — 1. Because 
we assumed F is a-invariant, we have a~ 3 {a) S F. Choose do E E such that 
||do — poT^ ! (a)p\\ < jq£- Set d = do + (1 — p)a -J '(a)(l — p). Since ||a|| < 1 we get 
< 1 + jq-e. Also 

||a~ J (a) - d\\ < \\a~ j (a) - [(1 - p)a~ j (a)(l - p) + paT 1 (a)p}\\ + \\pa^ J (a)p - d \\ 
< 2\\a~ j (a)p - pa" 3 (a)\\ + \\pa~ j (a)p — do\\ < j^e + j^e = ^e. 

By construction, f £ E' C\pAp, so / commutes with d. From \\f — a~i(ej)\\ < j^e, 
we get 

\\a-^ej)d- da->(e 3 )\\ < 2\\d\\ ■ \\f - a^{e 3 )\\ < 2 (l + fa) 

Therefore, since e < 1, 

1 1 e j a — aej|| < 2||a~ J (a) — d\\ + \\a~ 3 (ej)d — doT 3 (ej)\\ 
< ±E + 2(l + ±e)±e<±e+±e = e. 

This is Condition (2) of Definition ITT1 

It remains to verify Conditions (3) and (4) of Definition ll.il This requires some 
work. Let X be the maximal ideal space of the unital C*-algebra C generated by 
(Zo, a\, . . ., a„_i, and let /io, hi, ■ . . , h n -i : X — > [0, 1] be the elements of C{X) 
corresponding to ao, ai, . . . , a„_i. Let /i be the probability measure on X such 
that if h E C(X) corresponds to an element a E C, then J x hd/i = r(a). Then the 
functions hj satisfy hjhk — for j ^ fc, and 

n— 1 n— 1 „ 

< hj < 1 and ^ / hj d[i > 1 — min (ei, ^£o) • 

3=0 j=0 Jx 

Set 

7j : = {x E X: hj{x) > 1 - ie } C X. 
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For x g Uf=o T 3 we have Y^Zo hj(x) < 1 — \sq, whence 



It follows that 

ra-l 



1 ~ < 1 - min ( £l) ±el) < (j2 j=Q h^j dn 

n—1 / _i \ 

< Y.i*Ti) + (i - in) (i - X£>P»J 



Since 33 o hj > 1 — feo on Tj, we get 

7i — l n — 1 - 

r (53(«j)) = Yl / ( 53 ^j) ^ - ( x ~ ( : ~ t e °) > 1 ~ e °- 

By the choice of E\, we have ||<73(a;) — a(g 3 (aj + i))\\ < e for < j < n — 2. 
Since a preserves the trace, we get r(g 3 (aj+i)) < r(g 3 (aj)) + eq, so inductively 
T (s , 3(a J )) < T~(g 3 (a )) + je . Therefore 

n—1 n—1 

1 -eo < ^ T (53(%)) < ^[r(g 3 (a )) + je ] 
j=o 3=0 
< nT(g 3 (a )) + \n(n - l)e < nT(g 3 (a )) + (n 2 - l)e , 

that is, 

t(53(oo)) > £ - "-eo- 
For the same reason as in a similar argument with g-i earlier in the proof, we get 

II53O0) - [33 ((1 -p)»o(l -V)) + 93{P(pa p))}\\ < e . 
So, using 1 — p ^ q at the last step, 

^(ffaaoP))) > r(ff 3 (a )) - t( 53 ((1 - p)a (l - p))) - e 

> £ - ne - r(l - p) - e > £ - (n + l)eo - t(?o)- 
Recalling that ||/53(-P(pa p)) - ff3(-P(paop))|| < £0, we get 
||/<73(P(paoP))/ - 53(P(paoP))|| < 2e , 

so that 

r(/) > T(.fg 3 (P(pa Q p))f) > T(g 3 (P(pa p))) - 2e Q > \ - (n + 3)e - rfo). 

Because e < 1, for each j the projection is unitarily equivalent to a^{f), 
whence r(ej) = r(a J (/)) = r(/). Combining this with 

r(, )<^ and e < ^ 



2n ' ' 2n(n + 4)' 

we get 

n-l 

T ( e J") = nr (/) > 1 ~ n ( n + 3 ) £ o - nr(q ) > 1 - r(g). 
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Therefore e = X)j=o e i satisfies r(l — e) < r(q). Since in simple C*-algebras with 
tracial rank zero, the traces determine the order on projections (Theorem 12.2(1 . it 
follows that 1 — e ^ q. Since q € xAx, this proves Condition (3) of Dcfinition ll.il 
If we use instead 

T{qo)< W^ ^ £0< 4A^TI)' 

we get instead r(e) > 1 — 2^77 , or t(1 — e) < 2^~- Combining our estimate on r(/) 
with 

T (<?o) < 3- and e < — ; — — r, 
8n 8n(n + 4) 

we get r(/) > For every j, recalling from above that r(ej) = r(/), we have 

T(e j )=T(f)>±>Nr(l-e). 

Because the traces determine the order on projections, this implies that there are 
N mutually orthogonal projections in fAf, each Murray-von Neumann equivalent 
to 1 — e. We have proved Condition (4) of Definition ll.il I 

Theorem 8.2. Let A be an infinite dimensional simple unital C*-algebra with 
tracial rank zero and with a unique tracial state r. Let a S Aut(A) satisfy a n = uIa- 
Suppose that for every finite set F G A and every e > there are positive elements 
do, Oi, . . . , a n -i € A with < aj < 1 such that: 



(1) 
(2) 
(3) 

(4) 



a^afcH < e for j 7^ fc. 

a(aj) — fflj+iH < £ for < j < n — 2. 

cijc — CQj\\ < £ for < j < n — 1 and all c 6 F. 



< e. 



Then the action of Z„ generated by a has the tracial Rokhlin property. 

Proof. We prove that the hypotheses imply those of Lemma 18.11 Let F C A be 
finite and let e > 0. Without loss of generality ||c|j < 1 for all c E F. Let B be the 
universal (nonunital) C*-algebra generated by selfadjoint elements do, d\, . . . , d n — 1 
subject to the relations < dj < 1 and djdfc = for j 7^ k. Then B is isomorphic 
to the cone over C™, and is hence a projective C*-algebra. (See Lemmas 8.1.3 
and 10.1.5 and Theorem 10.1.11 of |S|.) Therefore it is semiprojective (Definition 
14.1.3 of [2]). Thus, using Theorem 14.1.4 of gl] (see Definition 14.1.1 of gl|, 
and take B there to be {0}), there is S > such that whenever D is a C*-algebra 
and do, d±, . . . , d n -i G D are positive elements with < dj < 1 and such that 
||(ij(ifc|| < <5 for j 7^ k, then there are positive elements ao,<Zi, ■ ■ ■ , tin— 1 € D with 
< a 3 - < 1 such that a^a^ = for j 7^ k and 

||<ij — dj\\ < min [he, -^nT e) 

for all j. Apply our hypotheses with F as given and with min (^ £ > m place of 
e, obtaining do, d\, . . . , d n -\ S A, and let ao, a\, . . . , a n _i £ A be as above. The 
relation Oj-afc = for j 7^ k is Condition (1) of Lemma f8. II For (2), estimate 

ll«(oj) -aj + i\\ < \\a(dj) - d j+l \\ + \\a-j ~ dj\\ + \\a j+1 - d j+ i\\ < \e + \e + \e = e. 

For (3), use ||c|| < 1 for c e F to estimate 

K-c-cOj-H < \\d j c-cd j \\+2\\a j -d j \\ < \e + 2{\e) = e. 
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For (4), estimate 

n-l 

+ Y, ^ - d ^ <¥ + n {\ n ~ l£ ) = e - 

This completes the proof. I 

In the rest of this section, we will use the continuous field of rotation algebras Ag, 
with section algebra A equal to the C*-algebra of the discrete Heisenberg group, 
as described in Theorem 16. II but we revert to tradition and use ug and vg for the 
unitary generators of Ag and u, v, and z for the unitary generators of A. We let t$ 
be the standard trace on Ag, as in Lemma |6.3I Since this continuous field will be 
the only one used in this section, we continue to follow Notation 16.21 letting T(E) 
be the set of continuous sections of this field over the set E, and writing a(0) for 
a(exp(27ri0)) when a is a section. 

Definition 8.3. Let A and Ag be as in Theorem l6.ll with notation as above. The 
noncommutative Fourier transform on Ag is the unique automorphism ag of order 4 
satisfying ag(ug) — vg and o~g(vg) = Ug. The noncommutative Fourier transform 
on A is the unique automorphism a of order 4 satisfying er(tt) = v, o~(v) — u* , and 
o~(z) = z. 

Lemma 8.4. Let the notation be as before and in Definition 18. 31 Let e > 0. Then 
there is S > such that, with I = exp(2iri(—S, 5)), there are continuous sections 
bo,bx,b 2 ,b 3 £ r(J) satisfying: 

(1) < b 3 {6) < 1 for < j < 3 and |0| < 5. 

(2) \\bj(d)b k (6)\\ < e for j ^ k and |0| < S. 

(3) Setting b A = b , we have \\ae(bj (6))-b j+ i(6)\\ < e for < j < 3 and |0| < 

(4) \t 9 (1 - 6 O (0) - 6r(0) - b 2 (9) - b 3 (9))\ < e for |0| < <J. 

Proof. Set £o = j^e. Choose a continuous function /i: S 1 — > [0, 1] such that 
for Im(£) < and /i(£) = 1 when £ = exp(27rii) with t £ [eo, \ — £q] • Identifying 
with C(5 1 x S" 1 ) in the obvious way, define elements go, gi, g 2 , g3 G ^4o by 

<*>(&, Ca) = MC1WC2), Si(Ci.Ca) = ^CCi)^(Ca), 

52(Ci,C2) = MCi)/i(C 2 ), and ff 3 (Ci,C2) = MCi)MC 2 )- 
Clearly < gj < 1, oo{gj) = gj+i, and (/jg/c = for j 7^ fc. Moreover, 

ro(go) > (5-2eo) 2 > |-2e , 
and r(gj) = r(go) for all j, so 

7-o(l - 9o -91- 92 - 9z) < 8e = §£• 

Since evo : A — > Ao is surjective, there exist selfadjoint elements do, a\, 02, 03 £ A 
such that evo(aj) = gj and < dj < 1 for < j < 3. Since evo(aj)evo(afc) = 
for j ^ k and evo(a(aj)) — evo(aj+i) = for < j < 2, Theorem 16.11 provides 
61 > such that whenever |0| < Si, we have ||ev6»(a J )eve(a/ c )|| < e for j =^ k and 
||eve(tr(aj)) — evg(aj + i)| < e for < j < 3. Since 

|r (l - ev (a ) - ev (ai) - ev (a 2 ) - ev (a 3 ))| < |e, 

Lemma \6 . 31 provides S2 > such that 

\t (1 - ev e (a ) - ev e (ai) - ev e (a 2 ) - ev e (a 3 ))| < \e 



=0 



< 



=0 
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for \8\ < 62- The lemma is now proved by taking S = 10x11(61,62) and taking bj 
to be the restriction of aj , regarded as a section over S* 1 of the continuous field of 
Theorem IO to I = ex.p(2m(-6, 6)). I 

Lemma 8.5. Let 8 € R\ Q. Then for every e > there is n E N with n > such 
that 

dist(ra0, Z) < e and dist(n 2 6', Z) < e. 
Proof. Define h: S 1 x S 1 -> S 1 x S 1 by 

MCi.Oi) = (exp(27ri0)Ci, exp(2™fl)C 2 C2). 

As in the discussion preceding Proposition 1.5 of |24| . the map /j is a minimal 
homeomorphism of S 1 x S 1 , and the forward orbit of (1, 1) consists of all points 
(exp(2irin6), exp(27rin 2 #)) for n E N. The result is immediate from the density of 
the forward orbit. I 

Proposition 8.6. Let 8 E R \ Q. Then the action of Z4 on Ag generated by 
the noncommutative Fourier transform ag of Definition 18 .31 has the tracial Rokhlin 
property. 

Proof. Let the notation be as before and in Definition 18.31 It suffices to verify the 
conditions of Theorem l8.2l Moreover, we may take the finite set F to be F = {u, v}. 
We know from Theorem 17.61 that Ag has tracial rank zero, and we know that Ag 
has a unique tracial state rg. 

Accordingly, let e > 0. Apply Lemma 18.41 obtaining 6q > 0, an arc I = 
cxp(27ri(— 60, So)), and continuous sections bo,bi,b2,bs E T(I) satisfying Proper- 
ties (l)-(4) there. Choose polynomials /o, /1, /2, fz in four noncommuting variables 
such that in A = C(S 1 x S 1 ) we have 

\\fj(uo,Uo,v ,v^) - bj(0)\\ < \e. 

for < j < 3. Because we are dealing with a continuous field (by Theorem 16. 
there is S\ > with 5\ < 60 such that for |?7| < Si and < j < 3 we have 

\\fj{u iv u* v ,v v ,v*) < |e. 

Choose (see Proposition 4.3 of [H]) 82 > such that whenever D is a C*-algebra 
and Xi,X2,X3,X4,y E D are elements of norm 1 which satisfy ||[xfe,y]|| < 62 for all 
fc, then 

\\[f (xi,X2,xz,Xi), y]\\ < \e 

for < j < 3. Now use Lemma [8.51 to choose n E N with n > and m € Z such 
that 

I exp(27rm#) - 1| < S 2 and \n 2 8 - m\ < 61. 
Let r\ = n 2 8 — to, and let ip : A v — » be the homomorphism determined by 
tp(u v ) = Uq and V-K^) = v e- a i = ^(bjiv)) f° r < j < 3. We verify the 
hypotheses (l)-(4) of Theorem We have < dj < 1 because < 6^(77) < 1. 
For (1), we have ||ajafc|| < e for j ^ k because I77I < Si < S implies \\bj(rj)bk{r))\\ < e 
for j 7^ k. For (2), we observe that ae o ip = ip o a n - Since |7/| < So we have 
W^vi^ii 71 )) — ^i+i( , 7)ll < e 7 an d this implies ||crg(aj) — a J+ i|| < e. For (4), we note 
that rj and 8 are both irrational, so uniqueness of the traces on Ag and A v implies 
Tg o ip = t v . Therefore |f?| < <5o implies 

\t 8 (1 - ao - ai — <Z2 - 03)] = |r ?) (l - b {ri) - bi(i]) - b 2 (rj) - b 3 (r)))\ < e. 
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Finally, we prove (3). We have UgVg = exp(— 2mnff)vgv?Q , so 
\\ugv s - v g u r B L \\ = | exp(-2Trin9) — 1| < S 2 - 
For either similar reasons or trivially, we get \\xy — yx\\ < 82 for all 

x £ {ip(u n ), ip(u n )*, ip(v v ), i)(Vr,)*} and y £ {u e , vg}. 
Therefore, by the choice of S 2 , 

\\bP(fj(Ur,,U*,Vr,,V*)), y]\\ < \e 

for y £ {ug,vg}. Furthermore, from \rj\ < Si we get 

\\^{fAu v ,u* n ,v v ,v*))-aj\\ < fe. 

Therefore 

UK", < \\bl>(fj(v>v,v>*,Vr l ,v*)), u e }\\ + 2\\tp(f j (u r ,, u*, v n , v*)) - a,j\\ 
< ie+fe = e, 

and similarly \\[aj, v$]\\ < e. This shows that ||[aj,2/]|| < e for y £ F, and completes 
the proof of (3). 

Having verified the hypotheses of Theorem 18. 21 we conclude from that theorem 
that the action of Z4 generated by ag has the tracial Rokhlin property. I 

Next, we show that the crossed product by the noncommutative Fourier trans- 
form satisfies the Universal Coefficient Theorem. We formulate this condition in 
a more convenient way than the usual definition. This reformulation will be more 
important in Section fTTTl than here. 

Definition 8.7. Let A be a separable nuclear C*-algebra. We say that A satisfies 
the Universal Coefficient Theorem if for every separable C*-algebra B such that 
K*(B) is an injective abelian group, the natural map 

-y = > rA , B :KK*(A,B)^EDm(K.(A),K.(B)) 

is an isomorphism. 

Remark 8.8. The definition in [S7| is that A satisfies the Universal Coefficient 
Theorem if for every separable C*-algebra B (actually, every C*-algebra B with 
a countable approximate identity; see Remark 18.91 below) , there is a natural short 
exact sequence 

— ► Ext? (K*(A),K*(B)) — ► KK*(A, B) — ► Hom(X* [A),K*{B)) — ► 0, 
in which: 

(1) The second map is the map 7 of Definition 18.71 

(2) The first map has degree one and is the inverse of the map 

Ker( 7 ) -> Extf (if* (A) ,K*(B)) 
which sends a class in KK 1 (A, B) represented by an extension 

— > A — > E — ► B — >0 
to the Ext class of the short exact sequence 

— ► if, (A) — ► K«(E) — > K*(B) — ► 0, 
and is the suspension of this on KK°(A, B). 
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This statement is unwieldy (both in the definition and verification) if the maps 
arc defined, and imprecise if they are not. Moreover, the condition in Definition 18. 71 
is what one in practice verifies. The proof of Theorem 4.1 of [37] shows that if A 
is nuclear and satisfies the condition of Definition 18. 71 then for every separable C*- 
algebra B the map Ker(7) — - > Extj (K*(A), K*(B)) of (2) above is in fact invertible, 
and the resulting sequence 

— v Extf (K*{A),K.{B)) — >KK*(A,B) — > Kom(K*(A), K*(B)) — ► 0, 

is in fact exact. 

Remark 8.9. The blanket assumption in jHZj on the second variable B is that 
it has a countable approximate identity. There seems to be a gap in the proof of 
Theorem 4.1 of [57| m this generality, because it is not clear that the algebra Dq 
occurring in the proof has a countable approximate identity. 

Much of the following proof is due to Walters. See Theorem 9.4 of |61| . 

Lemma 8.10. Let 8 E R \ Q. Then the crossed product C*(Z4, Ag, erg), with ag 
as in Definition 18.31 satisfies the Universal Coefficient Theorem. 

Proof. Let A, Ag, and evg : A — > Ag be as in Theorem 16.11 and let a € Aut(A) 
be as in Definition 18.31 Then the crossed product C*{Z^,A, a) is the C*-algebra 
of the semidirect product of Z4 and the discrete Heisenberg group H, formed from 
the obvious corresponding order four automorphism of H . This group is amenable. 
Using Lemma 3.5 of we may apply Proposition 10.7 of jSH], specialized to 
groups, to H, and conclude that C*(Z 4 ,A, a) satisfies the Universal Coefficient 
Theorem. If 8 6 Q, then Ag is type I, so C* (Z4, Ag, ag) is type I by Theorem 4.1 
of 49 . Therefore it satisfies the Universal Coefficient Theorem. 

Now let 9\, 62 € [0,1) satisfy 9\ < 82. Let ijj g be the set of sections of the 
continuous field of Theorem 16 . II which vanish on the closed arc from exp(27ri#i) to 
exp(27ri#2), and let Jg*\ be the set of sections which vanish on the other closed 
arc with the same endpoints. Let Ig ly g 2 and Jg lt g 2 be the crossed products of these 
by the action of Z4 generated by a. Using the maps evg 1 and ev# 2 , we obtain a 
Z4-cquivariant short exact sequence of C*-algebras 

~ > 4"k © <k — A — M © Ag 2 — ► 0. 
Since crossed products preserve exact sequences (see Lemma 2.8.2 of 0H!)> we obtain 
the short exact sequence 

— > Ig u g 2 © Jg u g 2 — > C*(Z4,A,a) 

— > C**(Z 4 , A 01 , tr 0l ) e C*(Z 4 , Ag 2 , ag 2 ) — ► 0. 

For 81 , 82 € Q we have seen that the second and third terms of this sequence satisfy 
the Universal Coefficient Theorem, so Ig lt g 2 © Jg u g 2 satisfies the Universal Coeffi- 
cient Theorem by Proposition 2.3(a) of jnZj- It is easy to check from Definition 18. 71 
that Ig t fi 2 and Jg 1 ,g 2 therefore each separately satisfy the Universal Coefficient 
Theorem. 

Now let 8 £ (0, 1) be arbitrary. Choose 

01, 7i, 72," • G (0,1) HQ 

such that 

Pi < < ■ ■ ■ < < ■ ■ ■ < 72 < 71 and lim /3„ = lim 7„ = 8. 

n — >oo n — >oc 
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Let L be the kernel of the map of crossed products 

C*(Z A ,A,a)^C*(Z 4 ,A e ,a e ) 
Then, since crossed products preserve direct limits and exact sequences, 

oo 

So L satisfies the Universal Coefficient Theorem by Proposition 2.3(b) of |57|. 
whence G* (Z4, Ag, ag) satisfies the Universal Coefficient Theorem by Proposition 
2.3(a) of E7|. I 

Theorem 8.11. Let 9 G R\ Q. Then the crossed product C*(Z4, Ag, erg), with ag 
as in Definition 18.31 is a simple AH algebra with slow dimension growth and real 
rank zero. 

Proof. We know from Theorem 17.61 that Ag has tracial rank zero. Combining 
Proposition 18 . 61 and Theorem 12. 71 we find that the crossed product G* (Z4, Ag, ag) 
has tracial rank zero. By Lemma l&.lOl it satisfies the Universal Coefficient Theorem, 
by Corollarv ll.121 it is simple, and it is clearly separable and nuclear. The result 
therefore follows from Lemma l7.5l I 

The following corollary is Theorem 9.3 of |61| . 

Corollary 8.12. There exists a dense G^-set BcR\Q such that for every 9 G E, 
the crossed product C*(Z4, Ag,ag) is a simple AF algebra. 

Proof. It is shown in [HOj that there is a dense G^-set E C R\ Q such that for every 
9 6 E, the crossed product G*(Z4, Ag, ag) has trivial K\ and torsion-free Kq. The 
result therefore follows from Theorem 18.111 and Lemma \7. 51 I 

Corollary 8.13. There exists a dense G^-set BcR\Q such that for every 9 S E, 
the fixed point algebra A a e e of the automorphism ag G Ant (Ag) is a simple AF 
algebra. 

Proof. For every 9 in the dense G^-set E C R\Q of Corollarv l8.I2l Proposition ^. 51 
shows that Ag" is strongly Morita equivalent to a simple AF algebra. For these 9, 
it follows that Ag" is a simple AF algebra. I 

9. Other finite cyclic group actions on the irrational rotation 

ALGEBRA 

In this section, we consider the crossed products of the irrational rotation algebra 
by the automorphisms of orders 3 and 6 coming from the action of SL2(Z). There 
are four differences from the previous section. First, the actions don't extend to 
an action on the C*-algebra of the discrete Heisenberg group, and we must use in 
its place a slightly larger group and corresponding larger continuous field. Second, 
the analysis of the case 9 = 0, in the proof of the analog of Lemma T8. 41 is messier. 
Third, rather than doing everything twice we prove a lemma which reduces the 
tracial Rokhlin property for the action of Z3 to the case of Zg. Finally, lacking 
information analogous to that of [SUI on the K-theory, we do not prove that any of 
the crossed products are AF. 

As in Section |H1 for 9 G R let Ag be the ordinary rotation algebra, the universal 
C*-algebra generated by unitaries ug and vg satisfying vgug = e-xjp(2iri9)ugvg . 
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Definition 9.1. Define an automorphism tpg: Ag — > Ag of order 6 by 

^Peiug) = Vg and tpg(vg) = e~ m6 UgVg. 

One readily checks that tpg really does define an automorphism of order 6. This 
is the automorphism of order 6 discussed in the introduction to Section [HJ 

Remark 9.2. A computation easily shows that tpg is the automorphism of Ag order 
3 discussed in the introduction to Section [H] 

The following result is the analog of Theorem 16.11 We need the slight mod- 
ification here because tpg does not come from an automorphism of the discrete 
Heisenberg group, as a result of the factor exp(— iriO) in the definition of tp(vg). 

Lemma 9.3. Let H be the group on generators x, y, and z, subject to the relations 

yx = z 2 xy, zx = xz, and zy = yz. 

Let B = C*(H). Then there is a continuous field of C*-algebras over S 1 whose 
fiber over exp(27ri#) is A2g, whose C*-algebra of continuous sections is B, and such 
that the evaluation map evg : B — > A 2 g of sections at exp(2ni8) is determined by 

evg(x)=u 2 g, evg(y)=v 2 e, and ev$(z) = exp(imO) ■ 1. 

Moreover, there is a unique automorphism tp of B of order 6 such that 

ip(x) = y, tp(y) = z*x*y, and tp(z) = z, 

and evg o tp = tp 2 g o evg for all 9. 

Proof. Apply Corollary 3.6 of with the group being Z, to the continuous field 
over S 1 whose fiber over exp(27ri#) is C(5' 1 ) for all 9, with standard generator u 2 g, 
and with the action on that fiber being generated by the automorphism ag(u 2 g) = 
exp(4:iTi9)u 2 g . The section algebra of this continuous field is C(S 1 xS 1 ), generated 
by two sections: the constant section x whose value at exp(2iri9) is the standard 
generator of C(S 1 ) (called u 2 g above), and the section z(exp(27ri6')) = exp(27ri6 l ) • 1 
for all 9. It is the universal C*-algebra on unitary generators x and z satisfying 
zx = xz. The action of Z on the sections is generated by the automorphism 
a(z) — z and a(x) = z 2 x. Therefore the crossed product is C*(H), with y being 
the implementing unitary for the action. Corollary 3.6 of thus shows that 
there is a Hilbert-continuous field with the desired properties, and the remark in 
Definition 3.3 of shows that there is a continuous field. 

One checks that the formula for ip defines a unique homomorphism by checking 
the commutation relations for the images of the generators. A computation shows 
that ip 6 = ids, so tp is an automorphism. It is immediate to check that evg o tp — 

tp 2 g oevg. I 

Remark 9.4. By comparing the actions, one immediately sees that a section b of 
the continuous field of Lemma 19.31 over a small neighborhood of is continuous if 
and only if the section £ i— > 6(£ 2 ) is a continuous section of the continuous field of 
Theorem l6.ll (In fact, the continuous field of Lemma l!J31 is really just the pullback 
of that of Theorem l6.1l bv the map C | —» C 2 -) 

Lemma 9.5. Let e > 0. Then there is 5 > such that there are continuous 
sections bo, &i, ■ ■ ■ , &5 of the continuous field of Lemma |9 . 31 defined on the arc I = 
exp(27ri(— S, 6)) and satisfying: 

(1) < bj{9) < 1 for < j < 5 and |0| < 5. 
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(2) \\bj(0)b k (e)\\ < e for j £ k and |0| < 5. 

(3) Setting be = bo, we have \\fe(bj(9)) — bj+i(9)\\ < z for < j < 5 and 
|0|<*. 

(4) With rg being the standard trace on Ag as in Lemma 16.31 we have the 
estimate r 2 g 

Proof. Set Eq = j^e. 

Define h : R 2 — » R 2 by /io( r i? r 2) — ( r i ~ r 2j Then /i is an invertible linear 
map whose matrix is in GL/2(Z), so /io(Z 2 ) = Z 2 and ho induces a homeomorphism 
h: R 2 /Z 2 -> R 2 /Z 2 . With the obvious identification of A Q with C(R 2 /Z 2 ), one 
checks that ip {f) = f o h- 1 for all / G C(R 2 /Z 2 ). 

Define open sets Eq, Ei, . . . , E5 C R 2 as follows. Let Conv(S') denote the convex 
hull of a subset S C R 2 . Then set 



Eo 


= int 


(Conv({(0,0), (1,0), (§,±)} 


Ei 


= int 


(Conv({(0,0), (1,1), (£,§)} 


E 2 


= int 


(Conv({(l,0), (1,1), (§,§)} 


E 3 


= int 


(Conv({(0,l), (1,1), 


Ei 


= int 


(Conv({(0,0), (1,1), (§,§)} 


E 5 


= int 


(Conv({(0,0), (0,1), 



These sets can be described as follows. Divide [0, l] 2 in half along the main diagonal 
r% = ?*2- Divide each of the two resulting triangles using line segments from the 
point (jj, |) or (|, i) as appropriate to the three vertices. The Ej for even j are 
in the lower right triangle. 

These 6 sets are disjoint open subsets of [0, l] 2 whose union is dense in [0, l] 2 
and each of which has measure h- Calculations show that 

h (E )=E 1 , h (E 1 )=E 2 + (-l,0), h (E 2 )=E 3 , 
h (E 3 )=E 4 + (-l,0), h (E 4 )=E 5 , and h {E 5 ) = E + (-1, 0). 
Since (—1, 0) € Z 2 , the images Uj of the Ej in R 2 /Z 2 are disjoint open sets with 
measure i which are cyclically permuted by h. 

Choose a closed set To c Uo with measure greater than | — Eq, and choose 
/o € C(R 2 /Z 2 ) with < g < 1, with supp(g) C f/o, and such that go(x) = 1 for all 
x G Tq. Define = go o /i - ^ for 1 < j < 5. Since the sets Uj are pairwise disjoint, 
we have gjQk = for j ^ k. Moreover, 

to (l - X" , <>) < 1 ~ 6e «- 

The proof is now finished as in the last paragraph of the proof of Lemma 18.41 We 
use Lemma 19.31 in place of Theorem 16.11 Lemma 16.31 still implies that traces of 
continuous sections are continuous, by Remark l9~4l I 

Proposition 9.6. Let 6 e R\ Q. Then the action of Zq on Ae generated by the 
automorphism ipg of Definition 19.11 has the tracial Rokhlin property. 

Proof. Except for one point (see below), the proof is essentially the same as for 
Proposition 18. 61 We use Lemma f9. 31 in place of Theorem l6.il We use Lemma [9.51 
in place of Lemma f8. 41 adjusting for the fact that Bg = A 2 g rather than Ag. 
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The difference is in the proof that ip o tp^ — ipg o ip. With 5i and 82 chosen to 
satisfy conditions analogous to those in the proof of Proposition 18.61 we require 
n £ N with n > and m S Z such that 

I exp(2iTin6) — 1| < S 2 and \n 2 9 — m\ < Si, 

and in addition such that m is even. To get this, apply Lemma l8.5l with ^9 in place 
of 9, obtaining n £ N with n > and mo £ Z such that 

\exp(Trin8) — 1| < 51^2 and \\n 2 9 — mo| < \5\. 

Then take m = 2mo. 

This done, as in the proof of Proposition lHUl set 77 = n 2 8 — m and let tp : A v — > Ag 
be the homomorphism such that VK^ij) = Ug and ip(v v ) = Vg. We must check 
that ip o Lp v — tp g o ip. First, use the relation veu* = exp(— 2-Ki9)u* e vg to get 
Ug~ n Vg = exp(7rm(n — \)9){u* e vg) n . Further, since m is even, we get exp(— irirj) = 
exp(— irin 2 9). Now 

V' o tpr,(u n ) = tp(l' v ) = Vg = tpe(Uo) = ¥>6 o ^("77) 

and 

= (e-^Ug-vgY 1 = tpe(v e ) n = (p e ° i>{v v ). 

This completes the proof. I 

Rather than repeating everything for the action of Z3, we prove the following 
lemma. 

Lemma 9.7. Let A be a stably finite simple unital C*-algebra, and let a £ Aut(A) 
generate an action of Z n which has the tracial Rokhlin property. Let n = Im be 
a nontrivial factorization in positive integers. Then a 1 generates an action of Z m 
which has the tracial Rokhlin property. 

Proof. Let F c A be a finite set, let e > 0, let N £ N, and let x £ A be a 
nonzero positive element. Apply Lemma 1 1 . 1 Ul with e/l 2 in place of e, and with the 
given values of F, N, and x. Call the resulting projections /o, fi, ■ . . , f n -i- F° r 
< k < m — 1 , define 

kl+l-l 

e k = E fi- 

j=ki 

Then 

kl+l-l 

\\a l (e k )-e k+ i\\< £ \\a\fj) - f j+l \\ 

kl+l-l i-1 

< E EHW" Will <l 2 (e/l 2 )=e. 

j=kl r=0 

For a £ F, we have 

||ae fc - e fe a|| < ^ \\afj - f 3 a\\ < l{e/l 2 ) < e. 
j=ki 
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This verifies Conditions (1) and (2) of Definition 11.11 Conditions (3) and (4) are 
immediate since X)fe=o e k — £j=o fh an< ^ smce every eu dominates some fj. I 

Corollary 9.8. Let 9 G R\ Q, and let ipg be as in Definition l9.il Then the action 
of Z3 on Ag generated by cpg has the tracial Rokhlin property. 

Proof. Combine Proposition 19.61 and Lemma 19.71 I 

Lemma 9.9. Let 9 S R \ Q, and let pg be as in Definition 19. II Then the crossed 
products C*(Ze, Ag, pg) and C*(Z3, Ag, <p\\) satisfy the Universal Coefficient The- 
orem. 

Proof. The proof is the same as for Lemma 18.101 once we know that the group 
H in Lemma |9. 31 is amenable. This is immediate from the fact that the subgroup 
generated by x, y, and z 2 is an amenable subgroup (in fact, the discrete Heisenberg 
group) of index 2. I 

Theorem 9.10. Let 9 G R \ Q, and let ipg be as in Definition 19.11 Then the 
crossed products C*(Z 6 , Ag, ipg) and C*(Z 3 , Ag, ip\\) are simple AH algebras with 
slow dimension growth and real rank zero. 

Proof. The proof is the same as for Theorem 18. Ill I 

We don't know whether any of these algebras are AF, because we don't know the 
K-theory. However, the K-theory computations for 9 rational, done in [21] and 20 , 
suggest that all should be AF. These computations are for the fixed point algebras 
rather than the crossed products, but one expects the K-theory for the irrational 
fixed point algebras to be the same as for the generic rational ones, and in the 
irrational case Proposition 19.61 Corollary 19.81 Corollary II. 121 and Proposition 14.51 
show that the fixed point algebra is always Morita equivalent to the crossed product. 

10. The crossed product of a simple noncommutative torus by the 

FLIP 

In this section, we prove that the crossed product of any higher dimensional 
simple noncommutative torus by the flip is a simple AF algebra. This generalizes 
Theorem 3.1 of UJ, and completely answers a question raised in the introduction 
to [T^l- As in Section [SJ there are three parts: the proof that the action has the 
tracial Rokhlin property, the proof that the crossed product satisfies the Universal 
Coefficient Theorem, and the computation of the K-theory of the crossed product. 

Definition 10.1. Let 9 be a skew symmetric real d x d matrix, and let Ag be the 
corresponding noncommutative torus with unitary generators 

ui(0), u 2 {9), ...,u d {9) 

being the unitaries u\,U2, ■ ■ ■ ,Ud of Notation 15.11 When no confusion is likely to 
result, we will suppress 9 in the notation. Then the flip automorphism ag: Ag — > Ag 
is the automorphism of order two determined by ag(uk) = u* k for 1 < k < n. We 
further set, in this section, Bg = C*(Z2, Ag, ag), and call it the crossed product 
by the flip. 
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Notation 10.2. For d > 1 let Rd be the set of all skew symmetric real d x d 
matrices 9 such that 6j t k <E [—1, 1] for all j and k. For any d, we let r: Rd+i — > i?d 
be the restriction map r(0) = #|z d x{o}: which deletes the last row and column of 
(See Remark l5.4l The intended value of d will always be clear.) For any continuous 
field C over Rd-i, we let r*(C) denote the continuous field over Rd obtained as 
the pullback of C. (See especially Sections 10.1 and 10.3, for information on 
continuous fields of C*-algebras. See Lemma 1.3 of 32 for pullbacks of continuous 
fields.) In a variation of Notation 16. 21 we denote the set of all continuous sections 
of Cbyr(C). 

Lemma 10.3. Let the notation be as in Notation EQI 

(1) The space Rd is homeomorphic to [—1, l] d ( d_1 )/ 2 . In particular, Ri = {0}. 

(2) For any continuous field C over Rd, there is an isomorphism <p : T(r* (C)) — > 
C([0, l] d , r(C)) such that every evaluation map evg : T(r*(C)) — > C r ^ = 
r*(C)e factors as 

r(r*(c)) ^ c([o, i] d , r(c)) ^> r(C) ^ c r(9) 

for some i 6 [0, l] d . 

(3) For 6 d Rd and a continuous field C over i?^, the map eve : r(r*(C)) — > 
C r (g) is the composition of ev r /g\ : T(C) — » and a homotopy equiva- 
lence. 

Proof. Part (1) is immediate. For Part (2), we use the homeomorphism from Rd+i 
to [0, l] d x R d given by 

to construct <p. Part (3) then follows from the fact that the homomorphism evt i n 
Part (2) is a homotopy equivalence. I 

Lemma 10.4. Let the notation be as in Definition 110.11 and Notation ll0.2l 

(1) For every skew symmetric real d x d matrix 9 there is 9' € Rd such that 
Agi = A e and Bg> = Bg. 

(2) There exists a continuous field of C*-algebras over Rd, whose fiber 
over 9 £ Rd is Ag, and such that the sections 

for / e C(Rd) and n\, n 2 , . . . , rid € Z, span a dense subalgebra of the 
C*-algebra of all continuous sections. 

(3) There is an automorphism a of the C*-algebra T(A^ d ') of continuous sec- 
tions of the continuous field of Part (3) such that for any section a, we 
have a(a)(9) = crg(a{9)) for all 9. Moreover, there exists a continuous field 
BW of C*-algebras over Rd, whose fiber over 9 € Rd is Bg, and whose 
C*-algebra of continuous sections is C*(Z 2 , T(A^), a). 

Proof. Part (1) is immediate from the fact that Ag is unchanged if some entry 9j^ 
is replaced by 9j^ + n for some n £ Z. Part (2) is contained in the discussion 
following Corollary 2.9 of |53| . but we will need to reprove it anyway in the course 
of proving Part (3). 

To prove Part (3), we prove by induction on d that both A^ and are 
Hilbert continuous fields in the sense of Definition 3.3 of jnSI- The comment in the 
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last part of that definition shows that such a field is automatically continuous in 
the usual sense, so this does in fact prove Part (3) (as well as Part (2)). 

If d = 1 then Rd consists of just one point, and the statement is trivial. Suppose 
now that the result is known for d. Since 

A (d) 

is a Hilbert continuous field, it 
is immediate from Lemma fl0.3f 2) that r*(A^) is as well. Let Z act on the fiber 
r* (A^ )e — ^4 r (e) according to the automorphism of Lemma l5~51 so that the crossed 
product is Ag. From the formula given in the proof, it is clear that we get a 
continuous field of actions of Z in the sense of Definition 3.1 of So Theorem 3.5 
of shows that A^ d+1 ^ is Hilbert continuous and has the right algebra of sections. 
Moreover, the actions ag define a continuous field of actions of Z2, so the same 
theorem now yields Hilbert continuity of I 

We now prove that the flip has the tracial Rokhlin property. We use the method 
of proof of Proposition 16. 14l There is one difficulty: the restriction of the flip to 
the irrational rotation subalgebra A v C Ag that we construct need not be the flip 
on that algebra, but rather has the form 

v v 1— > Av* and w v 1— » (w* 

for some a priori unknown A, £ € S . Fortunately, all such automorphisms are 
conjugate to the flip, and the set of possibilities is compact. 

Proposition 10.5. Let 8 G Rd be nondcgcncratc fDcfinition l5.6(l . Then the action 
of Z2 on Ag generated by the automorphism ag of Definition 110.11 has the tracial 
Rokhlin property. 

Proof. We verify the conditions of Theorem l8.2l Theorem 17.61 implies that Ag has 
tracial rank zero, and Theorem 15 . 91 implies that Ag has a unique tracial state. 

For the rest of the proof, let the notation for rotation algebras be as in Theo- 
rem Notation 16.21 and Lemma [6.31 In particular, A is the C*-algebra of the 
discrete Heisenberg group. 

Let e > and let F c Ag be a finite set. Choose and fix rjo G R \ Q. 

For rj G R and A, ( G S 1 let aif'^ G Aut(^4^) be the automorphism of order two 
determined by 

= Aw* and a( A ^K)=C< 

Thus al)' 1 " 1 = a v . Moreover, we claim that af'^ is conjugate to a n . To see 
this, choose Ao, Co S S 1 such that Aq = A and (q = (, let <p G Aut(A ?; ) be the 
automorphism determined by 

ip(v n ) = X Q v n and <p(w v ) = (ow n , 

and check that a v o ip = ip o a^'^. 

It follows from Proposition 18.61 and Lemma 19.71 that a v has the tracial Rokhlin 
property for r\ G" Q, so that each ct^'^ also has the tracial Rokhlin property. Taking 
rj = ?/o, for each A, ( G S 1 choose orthogonal projections p^'^, P^'^ G A Vo such 
that 

||4o' C) ^ A ' C) )-^ C) ||<^ and ^(1 & 
Choose continuous selfadjoint sections b^''^, G A with < b^''^ < 1 and 

such that 6f' C) (7)o) =pf'°. 
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We claim that for fixed Ao, Co G S 1 the function on S 1 x S 1 x R defined by 

(A,C,??)H|4 A < C) (b { o Xo ' M (v))-b[ Xo ' Co) (v)\\ 

is jointly continuous. Identify the continuous function algebra C(S 1 x S , A) with 
the universal C*-algebra generated by unitaries v, w, x, y, z subject to the relations 
that wv — zvw and x, y, z are all central, by taking A — C*(v, w, z) and identifying 
x and y with the functions (A, C) i— > A and (A, C) i— > C- Using Theorem 16.11 this 
algebra can be realized in an obvious way as the section algebra of a continuous 
field over S 1 x S 1 x S 1 whose fiber over (A, £, exp(27T77i)) is A v . Let a e Aut(A) 
be determined by 

a(v) — xv*, a(w) = yw* , <j(x) — x, a(y) = y, and a(z) = z. 

The evaluation map evx,c,,exp(2mri) : C(S 1 x S 1 , A) ^ A v satisfies 

° eVA,C,exp(27TO7) = ev A: ^ C xp(2iri»)) ° Cj 

and since a sends continuous sections to continuous sections the claim follows. 

Using the claim, for every Ao, Co G S 1 there are open neighborhoods U of (Ao, Co) 
and V of 770 such that 

|| a (A,C) (6 (Ao,Co) ( ^_ 6 (Ao,Co) (r?) || <£ 

for (A, C) € and 77 € V. Using compactness of 5* 1 x 5* 1 to cover it with finitely many 
of the sets U, and intersecting the corresponding sets V, we find a neighborhood 
Wo of 770 and finitely many pairs of sections chosen from the ones above, which for 
simplicity we call bg, for 1 < to < r, such that for every (A, C) G S 1 there is 
to such that for every 77 G Wo we have 

\\4 XX) (bt\v))-b { r\v)\\<£. 

Since 4 (%)&i (%) = and r r)0 (l — &q (»7o) — &i ( , 7o)) < we can use the 
continuous field structure and Lemma EOI to find an open set W with 770 G W C Wo 
such that for every (A, C) G S 1 x S 1 there is to such that for every 77 G W we have: 

(1) < 6 m) (r,), b { r\v) < I- 

(2) 114^(^(77)11 <e. 

(3) \\a^(b^\r,))-b^\v)\\<e- 

(4) \r v (l-bt\v)-bt\v))\<e. 

Apply Lemma 16.131 with 6, 770, F, and e as given, with k = n = 1, with [/ = 
exp(27T7;W), and with 5 = {^k) &i k : 1 < m < r}. We obtain 77 € R\ Q and 

I = (I1J2, ■ ■ ■ ,ld) G Z d and m = (mi,m 2 , . . . ,m d ) £ Z d . 

Set 

I2 Id i mi mo mw 

a; = u^u 2 ■ • • u d and y = u x u 2 ■ ■ -u d , 

so that 2/2 = cxp(2Trir])xy. Let y?: — ► Ag be the homomorphism such that 
ip(v v ) = x and tp{w n ) = y. We get 

\\[<P$ m) (ri)),c]\\<e 

for all c G -F, for 1 < to < r, and for j = 0, 1. 

Using the commutation relations in Notation 15. 11 there are A, C G S 1 such that 

x*=\(u* i yi(u* 2 ) l >---(u d ) l « and y* = CK)™ 1 K)™ 2 • • • «) md - 
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It follows that ag o ip — (p o a-q . By the above, there exists m such that conditions 
(l)-(4) above hold with this XX, V- Set a 3 = ip (b^ m \r))) for j = 0, 1. We have 
< do, a\ < 1, and we claim that clq and a\ satisfy the hypotheses (1)— (4) of 
Theorem 18. 21 Parts (1) and (4) follow from Conditions (2) and (4) above, Part (2) 
follows from Condition (3) above and the relation ag o tp — ip o er^ A '^, and Part (3) 
follows from the commutator estimate at the end of the previous paragraph. 

It now follows from Theorem 18.21 that the action of Z 2 on Ag generated by ag 
has the tracial Rokhlin property. I 

Now we turn to K-theory. In and [FiJ\, the K-theory calculations used the 
exact sequence of 05]. However, for the Universal Coefficient Theorem we need 
information about KK-theory, so we use |47| . 

Notation 10.6. Throughout this section, we let G be the infinite dihedral group 
G = Z xi Z 2 . We let go be the generator of Z corresponding to 1, and we let 
hg be the nontrivial element of Z2, so that the defining relations are /ig = 1 and 
hogoh^ 1 = g^ 1 . We further let Hq = {1, ho} be the obvious copy of Z 2 . Note that 
also hi — goho satisfies hf = 1, and set H± = {1, /ii}, another subgroup isomorphic 
to Z12. It is known that G is the free product of Hq and Hi; see for example the 
discussion of the structure of this group in the preliminaries in |36| . 

Lemma 10.7. With notation as in Notation 110.61 and Notation 110.21 there is a 
continuous field a of actions of G on r*{A i - d ~ 1 ^ 1 ) (in the sense of Definition 3.1 
of [H2]), determined by actions of G on r *(A( d -V) e , such that: 

(1) agj acts on the generators of r*(A( d ~ 1 ^)g = A r ^ by the formula a'fj (uj) = 
exp(2m9j t d)uj for 1 < j < d— 1, and the continuous field of crossed products 
9 ^ C*(Z, r*(A( d -V) , c$) is A<*>. 

(2) a]£' acts on the generators of r* (A^ d ~ 1 ' ) )g = A r ^ by a g 6 \uj) — u* for 
1 < j < d - 1, and the continuous field 9 h-> C*(Z 2 , r*(A^ d -^)g, af^) of 
crossed products is r 

*( B (d-i)j with B (d-i) 

as in Lemma ll0.4r 3K 

(3) a/i! is conjugate to oeh via the continuous family of automorphisms 9 1— > 
ip( e ) determined by tp^(iij) = exp^—matj^Uj for 1 < j < d— 1. 

(4) The continuous field of crossed products 9 i-> C*(G, r* {A^ ls> )g 7 a^) is 

Proof. Lemma 15.51 shows that there exist automorphisms (3^ on the individual 

(6) 

fibers with the properties claimed for a go in Part (1). Let S be the set of all 
continuous sections of T(r*(A^ d ~ 1 ^)) of the form 

with / e C{R d ). It is easy to check that if s € S then 9 h-> f3^(s(9)) is again 
in S, hence continuous. Since Span(S') is dense in T(r*(A^ d ^ 1 " 1 )), this implies that 
9 1— > (3^ defines an automorphism of r* (A( d ~~ 1 * > ). 

Applying the pullback via r to the automorphism of Lemma |l0.4f 3L we obtain 
an automorphism 8 1— > 7^ of r*{A^ d ~ x >) with the properties claimed in Part (2). 
A computation shows that 

( 7 W) 2 =id r , (A(£i - 1))e and 7 Wo/3Wo( 7 W)- 1 = ( / 9W)- 1 

for all 9, from which it follows that there is an action of G satisfying (1) and (2). 
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To get Part (4), we rewrite 

C*(G, r*(A^ d -%, «W) = C*(Z x Z 2 , r*(A^ d -%, a {9) ) 

= C*(Z 2 , C*(Z, r*(AV-%, 

where 7^ acts on r* (A^ d ~ 1 ' > )g via or^ and on the canonical unitary u in the crossed 
product by Z like conjugation by h on go, that is, rf e '(u) = u^ 1 . Identifying 
Uj{r{0)) with Uj{9) and u with Ud(9), we identify 7^ with ag as in Lemma 110,4( 3). 
It remains to proves Part (3). A computation shows that 

r 9o«o ho r 

for all 9. I 



Lemma 10.8. Let d 6 N and let 6* € Then for every separable C*-algebra D 
there is a commutative diagram with exact columns: 

I 
I 
I 

KK j (D, r(r*(B( d - 1 '>))) 
KK j (D, rffl'*)) 

I 

KK x ~i (D, r(r*(A( d - x )))) 



(ev e ), 



(ev e ), 



(ev a ) 



(ev e ), 



KK x -3{p, B e 



KK J (D, A r(e) ) 

! 

(ev fl ), %,)) 

© KK j (D, B r{e) ) 

I 



KK l ~i{D, A r(e) ) 
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Moreover, for every separable nuclear C*-algebra D there is a commutative diagram 
with exact columns: 

I I 

KK 1 -J(T(r*(A( d - 1 '>)), D) 

1 

KKi(T(BW), D) 

KK j (T(r*(B( d - lS >)), D) 

®KK^{T[r*{B^ d - 1 ))), D) 



KKJ{r{r*(A( d -^)), D) 




Proof. We derive these exact sequences from |47|. so we begin by constructing a 
suitable action of G on a suitable tree X. We take the vertices to be X° = Z, and 
the oriented edges to be 

X 1 = {(2n - 1, 2n), (2n + 1, 2n) : n € Z}. 

We define the actions of go and h to be 

go • n = n + 2 and Hq ■ n = —n 

on and 

g • (2n - 1, 2n) = (2n + 1, 2n + 2), g • (2n + 1, 2n) = (2n + 3, 2n + 2) 

and 

h ■ (2n - 1, 2n) = (-2n + 1, -2n), ft • (2n + 1, 2n) = (-2n - 1, -2n) 

on X 1 . One proves that these define an action by checking that the maps on 
X° and X 1 are bijective and satisfy the two defining relations of Notation 110.61 
Following the discussion after Lemma 3 of |47| . we choose subsets E° C X° and 
E 1 C X 1 which are representatives of the quotients of X a and X 1 by G. We choose 
S° = {0, 1} and E 1 = {(1, 0)}. The stabilizers are then 

G = {1, h }, Gi = {1, goh }, and G( 1)0 ) = {1}. 

We now apply the exact sequence of Theorem 16 of 07] for the full crossed products, 
to the actions of G on both r(r*(^4^ d_1 ^)) and on A r ^gy By naturality we obtain a 
commutative diagram with exact columns, in which for simplicity we suppress the 



KK^iA^, D) 



KK J (Bg, D) 



KKHA r{e) , D) 



KK 1 ^ j (B s , D) 



(ev s )* 



(eve)* 



KK\B r[e) , D) (av 9 )« 

®KKi{B r{e) ,D) 



(eve)* 



(eve)* 



CROSSED PRODUCTS AND T RACIAL ROKHLIN 



69 



notation for the actions in the crossed products. 



KK^iD, G*(G, r(r*{A^-^)))) KK l ^{D, C*(G, A r{e) )) 



kk 3 (d, rv^- 1 )))) 

KK 3 (D, C*{G , IV^- 1 ))))) 

®KKJ(D, C*(Gi, r^*^- 1 ))))) 

1 

KK3{D, C*(G, IV^- 1 ))))) 



1 1 

Then we use Lemma HTT7I to identify C*(G, T(r* pl^" 1 )))) ^ T(B^), etc. Note 
that Lemma 110. 7i 3) ensures that the crossed products by Gi are all isomorphic 
to the corresponding crossed products by Go- This gives the first diagram of the 
present lemma. 

To get the second one, we use Theorem 17 of 07] in place of Theorem 16 of |47j . 
and proceed the same way. I 

Proposition 10.9. For every skew symmetric real dxd matrix 8, we have Ko(Bg) = 
Z 3 2 ^ 1 and K 1 {B ) = {). 

Proof. By Lemma H0.4r i'). it suffices to consider 9 £ Rd- We prove by induction on 
d that the maps 

(eve), : K,(T(A^)) -» K*{A e ) and (eve), : K^T{B^)) -» K.(B e ) 

are isomorphisms for all 9. The proof of Theorem 7 of J§| shows that K*(Bg) is as 
claimed in the statement for at least some values of 9 £ Rd, so it will follow that 
this is correct for all 9 £ Rd- 

When d = 1, the space Rd consists of a single point. So the only possible evg 
is an isomorphism of C*-algebras. Suppose the result is known for all 9 £ Rd for 
some d. Let 9 £ Rd+i- In the first diagram in Lemma llU.8l replace d by d+ 1, and 
use this 9. Also take D = C, giving a diagram in ordinary K-theory. The induction 
hypothesis and Lemma lll).3f 3) imply that 

ev e :T(r*(A^))^ A 7ie) and ev e : r(r*(#)) B m 

are isomorphisms on K-theory. Now (eve)*: K lr {T{B^ d+1 ^)) — > K^(Bg) is an iso- 
morphism by the Five Lemma. That (evg)* : K*(T(A( d+1 >)) — > ^(Ag) is an iso- 
morphism follows in the same way from a similar diagram in which the columns are 



KK*{D, A r{6) ) 



(cv e) , KK'(D, G*(G , 

© KK^D, C*(Gi, A r ( e ))) 



G*(G, A m )) 
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obtained from the Pimsner-Voiculescu exact sequence for the K-theory of crossed 
products by Z This completes the induction, and the proof. I 

Proposition 10.10. For every skew symmetric real d x d matrix 9, the algebra Bg 
satisfies the Universal Coefficient Theorem. (See Definition 18 . 71 and Remark 18. 81 ) 

Proof. By Lemma ri0.4f IV it suffices to consider 9 £ Rd- We prove this by induction 
on d. When d = 1, the only possible algebra is B = C*(Z 2 , C(S 1 ), a ), which 
satisfies the Universal Coefficient Theorem because it is type I. 

Suppose the result is known for all 9 G R^ for some d. Let 9 £ Rd+i- Let D 
be any separable nuclear C*-algebra such that K*(D) is an injective abelian group. 
Using the diagrams of Lemma 111). 81 we can construct the commutative diagram: 



KK^(A r{ff)l D) 

I 

KK j (Be , D) 

I 

KK\B r{e) , D) 

®KK3(B r{9} , D) 

I 

KK3(A r(eh D) 

I 

KK^iBg, D) 



The left column is exact by Lemma [10.81 and the right column is exact because 
K*(D) is injective and by Lemma [10.81 Using Theorem 1.17 of [S7j (see the pre- 
ceding discussion for the definition of Af), it follows from Theorem 17. 61 that A r ^ 
satisfies the Universal Coefficient Theorem. Also, B r ^ satisfies the Universal Co- 
efficient Theorem by the induction hypothesis. So Bg satisfies the Universal Coef- 
ficient Theorem by the Five Lemma. I 

Theorem 10.11. Let 9 be a nondegenerate skew symmetric real d x d matrix, with 
d>2. Then C*(Z 2 , Ag, og) is a simple AF algebra. 

Proof. Combining Proposition ! 1 . 5l and Theorem l2.7l we find that the crossed prod- 
uct Bg — C*(Z2,Ag, ag) has tracial rank zero. By Proposition llO.lOl it satisfies the 
Universal Coefficient Theorem, and it is clearly separable and nuclear. Proposi- 
tion ^Hl] shows that Ko(Bg) is torsion free and Ki(Bg) = 0. The result therefore 
follows from Lemma f7.5l I 



Hom(^(A r(fl) ), K Sf (D))i_j 



Rom(K*{B e ), K*{D))j 



(ev e )* Hom^^^)), K x (D))j 

®Hom(Jf t (S r ( 9 )), K*(D))j 

I 



Eom(KJBg), K*{D))i-j 
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11. More on the Rokhlin property and tracial approximate innerness 

In this section we prove, in analogy with Theorem l2.7l that the crossed product of 
an AF algebra by an action with the strict Rokhlin property is again an AF algebra. 
We also prove that tracially approximately inner automorphisms act trivially on 
the trace space and on Kq mod infinitesimals. These results are relevant to the 
examples we construct in the next section. 

It is useful to start the first proof with the following analog of Lemma l2~31 

Lemma 11.1. Let A be a unital C*-algebra, and let a £ Aut(A) be an automor- 
phism which satisfies a n = id^ and such that the action of Z„ generated by a 
has the strict Rokhlin property (Definition II .3(1 . Then for every finite set F C A, 
every finite dimensional subalgebra E C A, and every e > 0, there are mutually 
orthogonal projections eo, ei, . . . , e n _i £ A and a unitary v £ A such that: 

(1) ||o!(ej) — ej+i|| < e for < j < n — 1, where, following Convention ll.2l we 
take e n = eo. 

(2) \\ejd — aej\\ < e for < j < n — 1 and all a £ F. 

(3) e;= S = i. 

(4) \\v — 1|| < e, and ej commutes with all elements of vEv* for < j < n— 1. 

Proof. The proof is a slightly simpler version of the proof of Lemma 12.31 I 

Theorem 11.2. Let A be a unital AF algebra, and let a £ Aut(A) be an auto- 
morphism which satisfies a™ = id^ and such that the action of Z„ generated by a 
has the strict Rokhlin property. Then C*(Z n ,A, a) is an AF algebra. 

Proof. We prove that for every finite set S C C*(Z„, A, a) and every e > 0, there 
is a finite dimensional C*-subalgebra D C C*(Z„,A, a) such that every element 
of S is within e of an element of D. Theorem 2.2 of |7] will then imply that 
C*(Z„,A, a) is AF. Let u £ C*(Z„,A, a) be the canonical unitary implementing 
the automorphism a. Without loss of generality we may assume that S = f Ujii} 
for a finite subset F of the unit ball of A. 
Set 

e 

£ ° = 12(n+l) 5 ' 

Choose S > with <5 < £o> and so small that whenever e and / are projections in 
a C*-algebra C such that ||e — /|| < 5, then there is a partial isometry s S C such 
that 

ss* ~ e, s*s — f, and ||s — e|| < £o- 
Since A is AF, there is a finite dimensional C*-subalgebra i?o C A such that for 
every a in the finite set 

So = FUa(F)U---Ua"- 1 (F), 

there exists b £ Eq such that ||a — 6| < (5. Apply Lemma fl 1.11 with So in place of F, 
with Eq in place of the finite dimensional subalgebra E, and with S in place of e. We 
obtain a unitary y £ A and mutually orthogonal projections eo, ei, . . . , e„_i € A 
which commute with all elements of yE Q y*, such that 1 1 e ^ a — aej\\ < 8 for all a £ So, 
such that Y^j=o e j = 1> suc h that ||«(ej) — e j + i 1 1 < 8, and such that \\y — 1|| < <5. 

According to the choice of 8, for 1 < j < n— 1 there are partial isometries u>j G A 
such that 

WjUi* = ej, = a(ej_i), and ||u)j — ej\\ < Eq. 
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Apply Lemma 12. 61 to the ej and Wj, with £0 in place of e. We obtain a unitary w as 
there such that — 1| < 2n 2 eo and satisfying the condition of Lemma \'2. 41 such 
that moreover the automorphism [3 — Ad(w) o a satisfies (3 n = id^, 

|l/3 fe (a) - a fc (a)H < 4fcn 2 £ ||a|| 

for a € A, and /3(ej) = ej+i for all j. 
Define 

n — 1 

£ = ($f3 k (e yE y*e ) =0e^feV)e, 

fc=0 fe=0 

Since the are orthogonal, X)fc=o ek = an< ^ e ° commutes with every element of 
yEoy*, it follows that _E is a /3-invariant finite dimensional subalgebra of A such 
that \ A e E. 

Let a E F. We estimate the distance from a to E. We begin by estimating, 
using a n ~ k (a) S So at the fourth step, 

||[e fcs o]|| = ||/3»-*([e fc ,o])|| = ||[e 0j /3»-*(a)]|| 

<2||/3"- fc (a)-a"-' £ (a)|| + ||[ e o, a n - k (a)}\\ 
< 8(n - k)n 2 e + S < (8n 3 + l)e . 

It follows that if k ^ I then ||e/jae;| = |[efc,a]e;| < (8n 3 + l)e . Since there are 
fewer than n 2 terms in the sum in the second expression, we can estimate 

n— 1 

- Y H e fe ae 'll < n 2 (8n 3 + l)e . 

fe=0 Z^fc 

Moreover, by construction there exists bk & Eq such that \\bk — a n ~~ k (a) || < <5. Then 
||& k - /3 n_fc (a)|| < (5 + 4(n - fc)n 2 e < (4n 3 + l)e 0l 

whence 

\\P k (e bke ) - e k ae k \\ = \\e b k e - e /?"~ fe (a)e || < (4n 3 + l)e - 
It follows that c = J2k=o fl k ( e obkeo) G -B and satisfies 

n-1 

+ \\e k ae k - /3 fe (e 6fce )|| 

fc=0 

< ?i 2 (8n 3 + l)e + ?i(4?i 3 + l)e < 12 (n + l) 5 e < e. 

Let 

A, = C*(Z„, E, 0\ E ), 

which is a finite dimensional subalgebra of C*(Z n ,A, (3). Let 

<p: C*(Z n ,A,{3)^C*(Z n ,A,a) 

be the isomorphism of Lemma l2~4l We take the finite dimensional subalgebra D to 
be D — ip(Do). Because 99(a) = a for a £ A, we have shown that for every a € F 
there is c € 23 c Dq such that ||c— a\\ < e. Let i? e C*(Z n ,j4,/3) be the canonical 
unitary implementing the automorphism /3. Then <p(v) G 13 and Lemma 12 . 41 gives 
||</?(u) - u|| = \\w - 1|| < 2n 2 e < e. I 



ETl-l 
fe=0 



efeaefe 



c < 



En — I 
fc=0 
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The following two lemmas give essentially the only restrictions we know on the 
behavior of tracially approximately inner automorphisms: they act as the identity 
on Ko mod infinitesimals and on the tracial states. It is also easy to see that if 
a £ Aut(.A) is tracially approximately inner but not approximately inner, then 
there must be arbitrarily small positive elements r) £ Kq(A) such that a* (77) = r\. 
The dual automorphisms of the actions in Examples 112.31 and 112.111 are tracially 
approximately inner, but the one in Example 112.31 is not the identity on Kq and 
the one in Example 1 12. Ill is not the identity on K\. 

Recall that an element 77 of a partially ordered group G with order unit u € 
G+ \ {0} is infinitesimal if — mu < nrj < mu for all m, n £ N with m > 0. See 
Definition 1.10 of 25 , where this definition is given for simple dimension groups. 
Clearly we need only consider m = 1. By Proposition 4.7 of |2fl| . an equivalent 
condition is that all states on (G, u) vanish on 77. 

Lemma 11.3. Let A be a stably finite simple unital C*-algebra, and let a £ 
Aut(A) be tracially approximately inner. Then a* (77) — 7/ is infinitesimal for every 
v eK Q (A). 

Proof. We prove that for every 77 £ Ko(A) we have —[1a] < ct*(v) — V < [1a]- This 
implies the result, because replacing 77 by nrj gives —[1a] < n[a-,{r]) — 77] < [1a]- 

Accordingly, let 77 £ K (A), and choose n £ N and projections p, r £ M n (A) 
such that 77 = [p] — [r] . Let \ '■ R\ { \ } — * R-bc the characteristic function of ( \ , 00) . 
Choose e > so small that (n 2 + 2)e < i, and also so small that whenever C is a 
unital C*-algebra and f,p £ C are projections such that \\fq — qf\\ < (n 2 + 2)e, 
then i is not in the spectrum of either fqf or (1 — f)q(l — f), and moreover the 
projections q = x(fqf) and q x = x((l - f)q(l - /)) satisfy \\q + qi - q\\ < \. 

Apply Definition 13.11 with F — {pj.k, Tj,k'- 1 < j, k < n}, the set of all matrix 
entries of p and r, with e as just chosen, with N — 2n, and with x = 1. Let e e j4 
and u £ eAe be the resulting projection and unitary. 

We have 

n 

||(1® e)p-p(l® e) || < ^ ||epj ife -Pj,fee|| < n 2 e. 
j, fc=i 

By the choice of e the projections 

Po = X((l 8> e)p(l ® e)) e M„(eAe) 

and 

pi = x((l - 1 ® e)p(l - 1 ® e)) G M„((l - e)A(l - e)) 

are defined and satisfy \\po + Pi — p|| < ^- To get a similar result for (id® a)(p), 
we begin by observing that 

|| (id® a) _1 (l ® e) - 1 ® e|| = ||e-a(e)|| < e. 

So 

|| (1 ® e) [(id ® a) (p)} - [(id ® a) (p)] (1 ® e) || 

= || [(id ® a) _1 (l ® e)]p -p[(id ® a) _1 (l ® e)]|| 

< 2||(id® a)^ 1 {I ® e) - 1 ® e|| + ||(1 ® e)p - p(l ® e)|| 

< 2e + n 2 e = (n 2 + 2)e. 
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Therefore we get projections qo G M n {eAe) and qx € M„((l — e)A(l — e)) such that 
1 1 qo + qi — (id <8> a)(p)l < §■ Note in particular that 

[p] = bo] + [pi] and a*([p]) = [g ] + [qi] 

in A'o(A). 

We now claim that [p ] = [q ] in if (^)- First, 

||(1 ®e)p(l®e) -po|| = ||(l®e)[p- (p +Pi)](lOe)|| < |. 

Next, 

||(id®a)((l<8e)p(l<8e))-gb|| 

< 2||(id® a)(l <g> e) - 1 <g> e|| + ||(1 ® e)(id <E> a)(p)(l <g> e) - g || 

< 2e+ ||(id® a)(p) - (?o + ?i)|| < 2e + ±. 

Finally, 

|| (1 ® u)(l (g) e)p(l ® e)(l ® u)* - (id <g) a)((l <8> e)p(l <8> e))|| 

n 

< 2J Hwepj^eu* - a(epj )fe e)|| < n 2 e. 

3, fc=l 

Putting these estimates together gives 

||(l(8l«)po(l®«)*-go|| <\+n 2 e + 2e+\<\. 
The claim follows. 

Repeating the argument of the last two paragraphs with r in place of p, we find 
projections 

r , s G M n (eAe) and n, s x G M„((l - e)A(l - e)) 

such that 

M = M + [ri], a*(M) = [so] + [si], and [r ] = [s ] 

mK (A). 

Now recall from Condition (5) of Definition 13.11 that there are 2n mutually or- 
thogonal projections fx, /2, . . . , < e j each of which is Murray- von Neumann 
equivalent to 1 — e. Since pi, qx, rx, si G M n ((l — e)A(l — e)), this implies that 

[pi] + [sx] < [U] and [qx] + [n] < [1 A ] 

in K (A). Therefore 

~V = a *(M) ~ [p\ ~ "*(M) + W = [Qi] - [Pi] - M + [ri], 

and 

-[U] < -[pi] - [sx] <a*{n)-r}< [ qi ] + [rx] < [U]- 
This completes the proof. I 

Lemma 11.4. Let A be a simple unital C*-algebra, and let a G Aut(A) be tracially 
approximately inner. Then r o a = r for every tracial state r on A. 
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Proof. Let a e A and let e > 0. We show that \r(a(a)) — r(a)\ < e. Without 
loss of generality a > and ||a| < 1. Choose N € N such that ^ < ie. Apply 
Definition 13.11 with _F = {a}, with in place of e, with A*" as chosen here, and 
with x = 1. Let e € A and u £ e^4e be the resulting projection and unitary. 
Condition (5) of Definition 13 . II implies that r(l — e) < < he. We have 

r(a) = r(eae) + r((l — e)a(l — e)), 

with 

< r((l - e)a(l - e)) < r(l - e) < |e, 

so |r(a) — r(eae)| < -|e. Similarly r(a(l — e)) < < |e and |r(a(a)) — r(a(eae))| < 
ie. Finally, ||t;eaew* — a(eae)|j < |e and r(veaei>*) = r(eae). Putting these 
together gives 

|r(a(a)) — r(a)| < |r(a(a)) — r(a(eae))| + |r(a(eae)) — r(eae)| + |r(eae) — r(a)| 
as desired. I 

12. Examples 

We look at several examples of actions on the 2°° UHF algebra. They demon- 
strate the following: 

• Even on a UHF algebra, an action with the tracial Rokhlin property need 
not have the strict Rokhlin property, and in fact the crossed product by 
such an action need not be AF. See Example ll2.11l 

• If an automorphism a of a simple unital C*-algebra A with tracial rank 
zero is approximately inner and generates an action of Z„ with the tracial 
Rokhlin property, it does not follow that the automorphisms of the dual 
action are approximately inner — even if A is UHF and a is the pointwisc 
limit of inner automorphisms Ad(itfc) with v% = 1. See Example 1 12. 31 

• If an automorphism a of a simple unital C*-algebra A with tracial rank 
zero is tracially approximately inner and generates an action of Z„ with 
the strict Rokhlin property, it does not follow that the automorphisms of 
the dual action are approximately inner — even if A is AF. Use the dual of 
the action in Example ll2.11l 

• A tracially approximately inner automorphism of a simple unital C*-algebra 
A with tracial rank zero need not be trivial on Kq(A) — even if A is AF and 
a generates an action of Z n with the strict Rokhlin property. Use the dual 
of the action in Example 1 12. 31 

• A tracially approximately inner automorphism of a simple unital C*-algebra 
A with tracial rank zero need not be trivial on Ki(A) — even if A is AT and 
a generates an action of Z n with the strict Rokhlin property. Use the dual 
of the action in Example ll2.11l 

• There is an automorphism a of a simple AF algebra such that a n = id^, 
such that C*(Z n ,A,a) is again a simple AF algebra, but such that this 
action does not have the tracial Rokhlin property. This can happen even 
when the dual action has the strict Rokhlin property and a is approximately 
inner. See Example IT2~7I 
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• The dual of an action with the tracial Rokhlin property need not have 
the tracial Rokhlin property, even when both the original algebra and the 
crossed product are simple AF algebras, and even when the original ac- 
tion also has the strict Rokhlin property. Use the dual of the action in 
Example ILTTI 

The first three examples are product type actions of Z 2 on the 2°° UHF algebra 
D. In each case we represent D as an infinite tensor product, and the automorphism 
generating the action as an infinite tensor product of inner automorphisms. It is 
useful to give a general lemma. 

Lemma 12.1. Let D be an infinite tensor product C*-algebra and let a £ Aut(-D) 
be an automorphism of order two, of the form 

oo oo 

D = §§M Hn) and a = (g) Ad(e„ - /„), 

n— 1 n— 1 

with k(n) £ N and where e n , f n £ M k ( n j are projections with e„ + /„ = 1. Let 
D n = (c$m = i -^fc(m): so that D = limZ)„, and write D n — Af t („), where t(n) = 
rim=i k(m). Then the direct system of crossed products can be identified as 

C*(Z 2 ,D n )=M t{n) (BM t{n) , 

with the dual action given by the flip a n (a, b) = (b, a) for a, b £ M t ^ n j, and where 
the maps 

ip n : M t( „_ 1} 8 M t ( n _x) -> M t[n) © M t[n) 

are given by 

ip n (a, b) = (a (g) e„ + b ® /„, b (g) e n + a ® /„) 
for a, b £ M((„_i). Assuming moreover that e n , /„ ^ for all n, we have: 

(1) C*(Z2, D, a) is a simple unital AF algebra. 

(2) The action of Z 2 generated by a is approximately representable in the sense 
of Definition 3.6(2) of gHj- 

(3) The dual action on C*(Z2, D, a) has the strict Rokhlin property. 

(4) The action of Z 2 generated by a has the strict Rokhlin property if and only 
if the the dual action is approximately representable. 

(5) If the action of Z 2 generated by a has the tracial Rokhlin property, then 
the generating automorphism a of the dual action is tracially approximately 
inner. 

Proof. For n £ N and a unitary v £ M n with v = 1, we use the isomorphism 
C*(Z 2 , M n , Ad(v)) — > M n © M n which sends a £ M n to (a, a) and the canonical 
unitary of the crossed product to (w, —v). The identification of the direct system of 
crossed products is then a calculation, which we omit. Now assume that e„, /„ =/= 
for all n. Simplicity of C*(Z 2 , D, a) follows from the fact that the partial embedding 
multiplicities in the direct system of crossed products are all nonzero, and the rest 
of (1) is immediate. Part (2) is immediate. Part (3) now follows from Lemma 3.8(2) 
of 1211 . Part (4) is Lemma 3.8(1) of [22]. To prove Part (5), and we use TheoremOl 
The algebra D has cancellation of projections because it is AF, and C*(Z 2 ,Z3,a) 
has the weak divisibility property (Definition 14. 1|) because it is also AF. Therefore 
Theorem 14.31 applies. I 
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Presumably the converse of Part (5) is true as well, but we have no need for it. 
Our first example is the most regular possible, and is given to contrast with the 
remaining ones. 

Example 12.2. Let a be the automorphism of order 2 given by 

oo oo 

D = (g) M 2 and a = Ad 

n— 1 n—1 

Then the action of Z 2 generated by a has the strict Rokhlin property, the crossed 
product is again the 2°° UHF algebra, and the dual action is just another copy of 
the given action. All this is easily proved using Lemma ll2.ll and is also a special 
case of Example 3.2 of |29| . 

Example 12.3. Let j3 be the automorphism of order 2 given by 

00 00 
D = (g)M 2 n and a = 0Ad(l a »-i +1 ffi(-l a »-i_ 1 )). 

n—1 n—1 

The automorphism in the n-th tensor factor is conjugation by a diagonal unitary 
in which 2™ _1 + 1 diagonal entries are equal to 1 and 2™ _1 — 1 diagonal entries are 
equal to — 1. The crossed product C*(Z 2 , D, /3) is a simple unital AF algebra by 
Lemma IHTTT lL 

In this case, the action of Z 2 generated by j3 has the tracial Rokhlin property, but 
does not have the strict Rokhlin property. The dual action has the strict Rokhlin 
property and its generator is tracially approximately inner, but the generator is not 
approximately inner and does not induce the identity map on ifo(C*(Z 2 , D, /?)). 
We prove this in the next three propositions. 

Proposition 12.4. The action of Z 2 generated by the automorphism (3 of Exam- 
ple ^^|] has the tracial Rokhlin property. 

Proof. We verify the conditions of Theorem 18. 21 (We will not use the full strength 
of this theorem because the elements we construct will in fact be projections.) Let 
D n = 0^=1 M 2 k, so that D n = D n -i ® M 2 ™ and D = limD n . Let 

n 

v„ = l 2 »-i+i © (-l 2 ™-i-i) € M 2 n and u„ = (^) v n , 

k=l 

so that for a G D n we have /3(a) = u n au* n . 

Let F C D be finite and let e > 0. Choose m and a finite set S C D m such that 
every element of F is within |e of an element of S. Choose n > m and so large 
that 2- m+1 < e. Define p = diag(0, 1, 1, . . . , 1) € M 2 m-i. Take 

90 = - ( P P ) and qi = I ( P - p ), 
q 2 V P P J 2 V ~P P J 

and for j = 0, 1 define 

Then each ej is a projection, and eoei = 0. Moreover, ej commutes exactly with 
every element of S (indeed, with every element of D n ), so that 1 1 e j- a — aej\\ < e for 
all a € F. 
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To compute (3(ej), we write 

_/ 1 \ 
Vn ~ \ 1 - 2p J ' 

Then calculations show that v n qQV^ — q\. Consequently f3(eo) = e\. Finally, the 
unique tracial state t on D restricts to the usual tracial state on 1 r> m _i <8>-M2"> ®1 C 
D, so 

2-rank(p) 1 
r(l — e — ei) = = 7 

satisfies |r(l — eo — ei)| < e. This completes the verification of the hypotheses of 
Theorem 18.21 so the action generated by (3 has the tracial Rokhlin property. I 

Proposition 12.5. The action of Z2 generated by the automorphism (3 of Exam- 
ple does not have the strict Rokhlin property. 

Proof. We show that there is no projection e £ D such that ||/3(e) — (1 — e)|| < 1. 
Let D n , v ni and u n be as in the proof of Proposition ! 12. 41 Write D n — Af t („), where 
t(n) = 2"(™ +1 )/ 2 . Then u n is a t(n) x t(n) diagonal matrix whose diagonal entries 
are all either 1 or —1. Let r(n) be the number of entries equal to 1, and let s(n) be 
the number of entries equal to —1. We prove by induction that r(n) — s(n) = 2". 
This is certainly true for n = 1, when t(n) = 2 and u n = 1. If it is true for n, then 

r(n + 1) = (2" + l)r(n) + (2" - l)s(n) 

and 

s(n + 1) = (2" - l)r(n) + (2" + l)s(n), 

so 

r(n + 1) - s(n + 1) = 2(r(n) - s(n)) = 2 n+1 . 

This completes the induction. 

Now suppose there is a projection e € D such that ||/3(e) — (1 — e)|| < 1. Set 
e = |(1 — 1 1 /3(e) — (1 — e)||) > 0. Choose n and a projection / G D n such that 
||e-/|| < e. Then ||« n /< -(1-/)|| < 1. It follows that / - 1-f. Now recall that 
D n = Mfi n \, and represent this algebra on the Hilbert space C tijl ^ in the usual way. 
Then rank(/) = ht{n). We can write u n — qo — qi where qo and q± are orthogonal 
projections of ranks r(n) and s(n). From the previous paragraph, r(n) > ht{n), so 
E = q C t(n ^ n /C*(") is nontrivial. Choose £ & E with ||£|| = 1. Then 

(1-/^ = 0, goC = e, and = 0, 

so 

K/< - (1 - = e 

It follows that — (1 — /)|| > 1. This contradiction shows that e does not 

exist, and that the action generated by p does not have the strict Rokhlin property. 
I 

Proposition 12.6. Let j3 € Aut(D) be as in Example 1 12. 31 Let j3 be the nontriv- 
ial automorphism of the dual action on C* (Z2, D, [3). Then f3 is tracially approxi- 
mately inner and generates an action with the strict Rokhlin property, but (3 is not 
approximately inner and is nontrivial on Kq(C*(Zi2, D, /?)). 
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Proof. It follows from Lemma li2.1f 5l and Proposition ll2.4| that (3 is tracially ap- 
proximately inner, and from Lemma |l2.1f 3) that (3 generates an action with the 
strict Rokhlin property. 

We show that (3 is nontrivial on Kq(C*(Z2, D, /3)); that (3 is not approximately 
inner follows. Using Lemma f 12. II we can identify Kq(C* (Z2, D, 0)) as the direct 
limit of the system 

z 2 z 2 z 2 ^> • • ■ 

with 

_ / 2"- 1 + 1 2™- 1 - 1 
J ™ - ^ 2"- 1 - 1 2"- 1 + 1 

and where /3* is the direct limit of the maps (j, fe) 1— > (A;,j) on Z 2 . One proves by 
induction that 

T n oT n _io...oTi(l, -1) = (2", -2"). 

This expression is nonzero for all n, so the image of (1, —1) is a nonzero element 
rj of K a (C*(Z 2 ,D,(3)). The element 77 is not torsion, since C*(Z 2 ,D,f3) is an AF 
algebra. Evidently /3*(?y) = — 77 7^ 77. I 

The following example was suggested by Izumi. Some of the properties given 
here are folklore, but we have been unable to find a reference for the proofs. This 
example is a special case of an example used for other purposes in Example 3.14 

of Elj. 

Example 12.7. Let 7 be the automorphism of order 2 given by 

00 00 
D = (g)M 2n and 7 = (g) Ad(l 2 „_! (-1)). 

n— 1 n— 1 

The automorphism in the n-th tensor factor is conjugation by a diagonal unitary 
in which 2™ — 1 diagonal entries are equal to 1 and one diagonal entry is equal to 
-1. 

We prove the following facts in the next three propositions. The automorphism 
7 is approximately inner, the action of Z2 it generates does not have the tracial 
Rokhlin property, and the generator of the dual action is not tracially approximately 
inner. Nevertheless, the crossed product is a simple unital AF algebra, and the 
dual action has the strict Rokhlin property. As an "explanation" , in the factor 
representation of D associated to the trace, 7 becomes inner. 

Proposition 12.8. Let 7 6 Aut(D) be as in Example 112.71 Then the crossed 
product C*(Z2, D, 7) is a simple AF algebra which has exactly two extreme tracial 
states. The dual action exchanges these two tracial states. 

Proof. Let D n = <g)fe =1 M 2 fc, so that D n = L>„-i ® M 2 » and D = limL>„. We 

identify the direct system of crossed products as in Lemma Tl 2. II and we follow the 
notation there, with 

e„ = l 2 n_i fflO€M 2 » and /„ = O2--1 1 € M 2 n. 

and with t(n) = 2™( n+1 )/ 2 . The algebra C*(Z 2 , D, 7) is a simple AF algebra by 
Lemma fiTR l). 
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We want to identify all tracial states on C*(Z2, D, 7), but we begin with some 
convenient notation. For A 6 R define the matrix 

1/l + A 1-A\ (\ 1 \"V 1 OWl 1 



T M = 2[l-X 1 + X) = [l -l) [O X){l -1 

From the second expression, we see that T(A/i) = T(A)T(/j) for A, /1 G R, and 
that T(l) = 1. From the first expression, we see that the matrix of partial em- 
bedding multiplicities of ip n is exactly 2™T (l — 2 „ 1 _ 1 ) . Moreover, for A G [0, 1], if 
(ro,s ), (r,s) G R 2 satisfy T(A)(r , s ) = (r, s), and if r , s G [0, 1] with r +s = 1, 
then r, s G [0, 1] with r + s = 1. 

Let tr m denote the normalized trace on M m . Tracial states on C*(Z 2 , D, 7) 
are in one to one correspondence with sequences (t„)„ 6 n of tracial states t„ on 
Mt(n) © Mt(n) satisfying the compatibility conditions r„ o ip n = t„_i for all n. The 
tracial state r„ has the form r„(a,6) = r n tr t ( n )(a) + s„tr t ( n )(6) for r n ,s n G [0,1] 
with r n + s n = 1, and the compatibility condition is exactly T (l — 2 „ 1 _ 1 ) (r n , s n ) = 
(r„_i, s n _i) in R 2 . 

Define 

fc=n+l V / 

We claim that a sequence (r ra , s ra ) ng N corresponds to a tracial state on the crossed 
product C*(Z 2 , D, 7) if and only if there is r G [0, 1] such that for all n G N we have 
( r m Sn) = T(\ n )(r, 1 — 7-). One direction is easy: given r, the sequence (r„, s„)„ s n 
defined by T(A„)(r, 1 — r) = (r„, s n ) clearly satisfies r n , s n G [0, 1] and r„ + s n = 1, 
and the compatibility condition follows from the relation (l — 2 n-i ) A„ = A n _i. 
For the converse, one observes that log(l — x) > —2x for < x < h, so that 

log(A„)= £ l g(l--l T ')> £ 2 (l - -L] > -00. 

k=n+l ^ ' k=n+l ^ ' 

Therefore A„ > 0, so that T(A„) is invertible. Define r,s G R by (r, s) = 
T(\ n )~ 1 {'rn, s n ). The compatibility condition guarantees that this definition does 
not depend on n. Moreover, linin^oo A rl = 1, whence lim, woo T(A„) _1 = 1. There- 
fore linin^oo r n — r and lirrin^oo s n — s. It follows that r, s G [0, 1] and r + s = 1. 
This completes the proof of the claim. 

Since T(A n ) is invertible, we have an affine parametrization of the tracial states 
on C*(Z2, D, 7) by [0, 1], from which it is clear that there are exactly two extreme 
tracial states. That the dual action exchanges them is clear from the identification 
of the dual action with the flip in Lemma Tl 2. II I 

Proposition 12.9. Let 7 G Aut(D) be as in Example fl 2. 71 Then: 

(1) The action of Z 2 generated by 7 does not have the tracial Rokhlin property. 

(2) The automorphism 7 is approximately inner. 

(3) The dual action on C*(Z 2 ,-D,7) has the strict Rokhlin property. 

(4) The generating automorphism 7 of the dual action is not tracially approx- 
imately inner. 

Proof. Proposition 1 1 2 . 81 shows that 7 is not the identity on the tracial state space. 
So Lemma l 1 1.41 implies that 7 is not tracially approximately inner. This is (4). The 
rest follows from Lemma Tl 2. II I 
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Proposition 12.10. Let 7 £ Aut(D) be as in Example 1 12. 71 Let n be the Gelfand- 
Naimark-Segal representation associated with the unique tracial state r on D. Then 
the automorphism 7 of tv(D)" induced by 7 is inner. 

Proof. In a slight modification of the notation used previously, set 

ei 0) =l2»-i®06M 2 n and /J™ = 2 »-i © 1 € M 2 ». 

Then define projections e n , f n £ D = ®^i -^2™ by 

e„ = 1 (g) • • • 1 (g) e { ° ] ® 1 (g) • • • and /„ = 1 <g> • • • 1 ® /^ 0) ® 1 <g> • • • , 

where the nontrivial tensor factors are in the n-th positions. Define unitarics in D 
by v„ = e„ - /„ and u„ = ]lfc=i v k- Further note that r(/„) = 

We show that limn^oo 7t(m„) exists in ir(D)" in the strong operator topology, 
and that the limit is a unitary which implements 7 on tt(D). This is easily seen to 
imply the result. Let £ be the standard cyclic vector for the representation tt, and 
let H be the Hilbert space on which it acts. For a £ D we have 

||7r(u n )7r(a)£ - 7r(u„_i)7r(a)£|| 2 = ||7r(v„)7r(a)£ - 7r(a)£|| 2 

= (7r(a> n - 1)>„ - l)a)£, 

= r(a*(w„ - l)*(v„ - l)a) 

= t((u„ - l)aa*(w„ - 1)*) 

<r(K-l)K-l)*)|| a || 2 =4r(/„)||a|| 2 . 

Since X^^i 7 "!/™) 1 ^ 2 < 00 ) ^ follows that (7r(M„)7r(a)^)„ e N is a Cauchy sequence 
in H, and therefore converges. The elements 7r(a)£ form a dense subset of H , and 
sup„ gN ||7r(u„)|| < 00, so a standard argument shows that ur\ = limn—^ Tr(u n )r] 
exists for all r\ £ H. Further, u is clearly isometric, hence bounded. Since u n is 
selfadjoint and the selfadjoint elements are strong operator closed in L(H), we get 
u* = u. Since multiplication is jointly strong operator continuous on bounded sets, 
u 2 = 1. Therefore u is a selfadjoint unitary. 

For any a £ D, we have lim T! _ +00 u n au n — linin^oo u n au* = 7(a) in norm, 
and, again using joint strong operator continuity of multiplication on bounded 
sets, lim n _ >00 u n au n = uau = uau* in the strong operator topology. Therefore 
uau* — 7(a), as desired. I 

Example 12.11. Let A be the 2°° UHF algebra, and let a be the automorphism 
constructed in Section 5 of PJ- It follows from Corollary 5.3.2 of [Hj and Takai du- 
ality that C*(Z2, A, a) is not an AF algebra. We prove in Proposition ll2.lH below 
that a generates an action of Z2 with the tracial Rokhlin property, and in Propo- 
sition ^^^3 below that this action does not have the strict Rokhlin property, and 
that the generator of the dual action is tracially approximately inner but induces 
a nontrivial automorphism of K\. By construction, the action of Z2 generated by 
a is approximately representable in the sense of Definition 3.6(2) of [221 ■ (The 
construction is recalled below.) It follows from Lemma 3.8(2) of [2H! that the dual 
action on C*(Z2,A, a) has the strict Rokhlin property. 

We remark that the methods used to prove the tracial Rokhlin property in this 
example seem likely to be more typical of proofs that actions on AH algebras 
have the tracial Rokhlin property than the methods used for Proposition 16 . 1 41 and 
Proposition 18. 61 
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We begin with a convenient description of the construction in [2], following Sec- 
tion 5 there. We make the convention that in any block matrix decomposition, 
all blocks are to be the same size, and we write 1„ for the identity of M n . We 
take the identification of M m Cg) M n with M mn to send a <8> ej.k to the n x n block 
matrix with m x m blocks, of which the (J, k) block is a and the rest are zero. 
Thus, a® 1 = diag(a, a, . . . , a). Also, we identify the circle S 1 with R/Z, and write 
elements of C(S 1 ) as functions on [0, 1] whose values at and 1 are equal. 

Following Definition 3.1.1 of we choose a standard twice around embed- 
ding (p + : C(S 1 ) — > C{S ^M^), given by choosing a continuous unitary path c G 
C([0, 1], M 2 ) with 



c(0) = 1 and c(l) 



and then setting 



(/)(*) = c(t) 
Further let (p~ 







C (ty 



/(!(* + !)) 

for / G C(S' 1 ). Further let C^S 1 ) -> C(S' 1 ,M 2 ) be the standard -2 times 
around embedding (p~(f)(t) — ip + (f)(l — t). Extend everything, using the same 
notation, to embeddings of C(S 1 ,M m ) in C(S 1 , M 2m ), by using ip + ® idM m , etc. 
Following Section 5 of 0, set A n — C(S 1 , M±n) and, remembering our conven- 



tion on block sizes, define a unitary in M^n c A n by u n — diag(l, 
define ip n : A n — > A n+ i by 



4>r, 



fl,l 
h,l 



h,2 

ha 





+ (/2,l) 



9" 





■(/a,2) 


Xfl,2) 



■(/l,3) 



-(/2 >2 ) 







(/a,i 


y 



1). Further 
\ 



Theorem 4.1.1, Proposition 5.1.1, and Proposition 5.1.2 of 3 show that the direct 
limit of the A n using the maps tp n is the 2°° UHF algebra A, and that the auto- 
morphisms a„ = Ad(u n ) of A n define an automorphism a of A of order two. It 
follows from Takai duality and Proposition 5.2.2 and Proposition 5.4.1 of [Hj that 
C*(Z2,A, a) is isomorphic to the tensor product of A and the 2°° Bunce-Deddens 
algebra. 

— > A n be the embedding of matrices as constant functions, 
Af 4 „+i by 



Further let i n : M4 
and define a n : M±n - 



0,1,1 
02,1 



0,1,1 

02,2 



( 







V 



0,2,1 ® ll 







a 2 ,2 ® I2 


ai 2 ® 1 2 



01,2 (8) I2 


a 2 ,2 ® I2 




It is a consequence of the next lemma that t n +i o a n = ip n o t. 
an automorphism /i„ of M4»» by defining /i„ = Ad(u„), and t n 



\ 

02,1 <8> 12 



oi.i ® 12 y 

a . Moreover, we get 
o /i„ = a„ o L n . 



Lemma 12.12. Let the notation be as above. Let e > 0, let / G A n , and let 
a G Suppose /(i) = a for all ( £ [e, 1 — e]. Then ip n {f)(t) = c„(a) for all 

t G [2e, 1 — 2e]. In particular, t„ +1 o cr„ = -0n (<«,. 



Proof. Write 



/ = 



fi,i 
h,i 



fl,2 
f2,2 



and a = 



ai,i 
02,1 



0,1,2 
02,2 
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Then for each j and k, we have fj,k(t) = <Xj,k for all t £ [e, 1 — e]. For t £ [2e, 1 — 2e] 
we therefore get 



which commutes with c(t). I 

In the next lemma we show, roughly, that whenever an element / £ A n = 
C(S ' , M^n) is unitarily equivalent in C([0, 1], Mjn), via invariant unitaries, to a 
function with small variation over intervals of length <5, then VVi(/) is unitarily 
equivalent in C([0, 1], M 4 ,i+i), again via invariant unitaries, to a function with 
small variation over intervals of length 26. 

Lemma 12.13. Let the notation be as above. Let t i— > x(t) be a unitary element 
of C([0, 1], M^) such that /i n (x(t)) = x(t) for every t £ [0, 1]. Then there exists a 
unitary element t i— > y(t) of C([0, 1], M^m+i) such that fj, n+ i(y(t)) — y(t) for every 
t £ [0, 1], with the property that whenever e > 0, <5 > 0, and f £ A n satisfy 



for all s, t £ [0, 1] such that \s - t\ <2S. 

Proof. The equation fj, n (x(t)) = x(t) implies that we can write x(t) = x\{t) (Bx^it) 
for unitaries x\, x-i £ C([0, 1], M 2 2n-i). For j = 1,2 define 



Then define 

y(t) = diag( yi (t), 2/ 2 (l - t), ^(t), y x (l - «)). 

Evidently y is a unitary in C([0, 1], M 4 n+i) and /j, n+ i(y(t)) = y(t) for every t £ [0,1]. 

To verify the conclusions of the lemma, it will simplify the notation to conjugate 
everything by the permutation matrix 




\\x(s)f(s)x(s)*-x(t)f(t)x(ty\\<s 
for all s, t £ [0, 1] such that \s — t\ < 6, then 

\\y(s)MfMy(s)* - y(t)Mm)y(ty\\ < e 




I 1 \ 
10 




\ 



7ff\ I t f\ * ( P + (f2.l) ^ + (/2,2) 




(/i, 2 ) 
(/a,a) / 








let 



U = wit, 1+ iw* = diag(l, -1, -1, 1), 



let 



y{t) = wy{t)w* = diag(yiO), y 2 {t), yi(l - t), j/a(l 



<)). 



and similarly define /x, etc. Note that t = 
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ait) 



Let e > 0, S > 0, and / 6 be as in the hypotheses. Define 

yi(t)v + (h,i)(t)yi(t)* yi(t)<p + (fi, 2 )(t)y 2 (ty 

V2 (t V + (/a, i ) (*) * y 2 (*)¥>+ (/2,a) (*)lfc» (*) * 
and note that 

yW(J)y{ty = diag( 9 (t), <?(1 - *)). 
Accordingly, it suffices to prove that if 

||Z( S )/( S )Z( S )* - X(t)f(t)x(t)*\\ < E 

for all s, 4 6 [0, 1] such that \s — t\ < 5, then 

\\g(s)-g(t)\\<s 

for all s, t S [0, 1] such that |s - t| < 25. 
Let v be the permutation matrix 

/ 1 \ 
10 

w ~ oioo • 

\ 1 / 

When one calculates vg(t)v* by substituting the formulas for Uj(t) and ip + in the 
expression for g(t) 7 the factors c(t) and c(t)* all cancel out, and the final answer is 

vg(t)v* = diag (x (it) / (it) x (it)* , x (|(t + 1)) / (|(t + 1)) x (i(t + 1))*) . 

Since we are assuming 

\\x(s)f(s)x(s)* - x(t)f(t)x(t)*\\ < e 
for all s, t S [0, 1] such that |s — t| < (5, it is immediate that \s — t\ < 25 implies 

\\vg(s)v* — vg(t)v*\\ < s, 

whence also 

\\g(s) - g(t)\\ <e, 

as desired. I 

Proposition 12.14. The automorphism a of Example 1 12. Ill generates an action 
of Z2 with the tracial Rokhlin property. 

Proof. Let the notation be as before Lemma 112.121 Let r be the unique tracial 
state on A = lim A n . Define a tracial state t„ on A n by 



r„(f)= / tr 4 » (/(<))&, 
Jo 

where tr m is the normalized trace on M m . Then one checks that r n+ i o tj) n = r„ 
for all n. It follows from the uniqueness of r that t\a„ — i~ n for all n. 

We use Theorem 18.21 to verify the tracial Rokhlin property. So let F C A be 
finite and let e > 0. Choose m and a finite set So c A rn such that every element of 
F is within |e of an element of So. 

The set So is a uniformly cquicontinuous set of functions from [0, 1] to M^m , so 
there is 5 > such that whenever s, t G [0, 1] satisfy \s — 1| < 5, then 

||/( s )-/(*)||<i £ 
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for all t £ [0, 1] and all f £ So- Choose n € N with n > to and so large that 
2 n ~ m 5 > 1. Apply Lemma ri2.13l a total of n — to times, the first time with x(t) = 1 
for all t, obtaining after the last application a continuous unitary path t i— > z(t) 
in C([0, 1], M 4 «) such that /j, n (z(t)) = z{t) for every i £ [0, 1]. Replacing z(t) by 
z(0)*z(t), we may clearly assume that z(0) = 1. Then, in particular, 

\\z(tyf(0)z(t)-f(t)\\<te 

for all t e [0, 1] and all f £ So- Recall that we identify C{S 1 ,B) with the set of 
functions / £ C([0, 1], B) such that /(0) = /(l)- Since the fixed point algebra 
A"" = C^M^)"" is just C{S l , Mfc), and since M#* is finite dimensional, 
there is an a„-invariant unitary y £ A n such that y(t) — z(t) for t £ [0, 1 — |e] . 
Then for each f £ So, regarded as a subset of A n , there exists g £ A n such that 
\\y*gy-f\\ < \ e an d = /(0) for t e [0, 1 - |e] . Let S 1 be the set of all elements 
g obtained in this way from elements of So. In particular, for every a £ F there is 
g £ S such that \\a — y*gy\\ < \e. 

We claim that there are orthogonal positive elements bo, b\ £ A n+ i C A such 
that bjg = gbj for all g £ S, and such that 

a n+ i(& ) = h, a n+ i(6i)=6o ) < b , bi < 1, and < r(l - b - h) < e. 

For this purpose, it suffices to use in place of ip n the unitarily equivalent homomor- 
phism 

$ = wij) n {-)w* : C{S\M in ) -» C^.Min+i) 
in the nroof of Lemma ri2. 131 fcalled ui n in the proof of Proposition 5.1.1 of 0), and 
to use in place of a n +\ the automorphism 

a = kd{w) o a n+ i = Ad(u) = Ad(diag(l, -1, -1, 1)). 

Note that this change does not require any change in the formula for the trace 

r n+ i, and also does not affect the first part of the conclusion of Lemma 112.121 
Accordingly, if 

f 9i,i 9i,2 

V 52,1 52,2 

then 4>{g) £ C{S X , M 4 «+i) satisfies 




ffi,i(0) 
52,i(0) 



£ S 



i>(g)(t) 



V 

forie [\e, l-\e\. 
Now set 



Pa 



both in M 4 (M 4 n 



/ 5i,i(0) 
32,i(0) 





5i,2(0) 

52,2(0) 









5i,2(0) 

52,2(0) J 



5(0) 






5(0) 





( 


1 





1 





\ 


1 





1 





1 




2 




1 





1 














1 





1 


/ 



and 



Pi 



1 


-1 



In 2 x 2 block form, we can write 
\ . , / I 



-1 


1 







-1 



1 



Pa 



s 

-s 

1 1 
1 1 



with 



and p± 









-1 



1 -1 
-1 1 
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With these formulas, it is easy to check that po and p\ are projections with po+pi — 
1, that po and p\ commute with tp(g)(t) for every g £ S and t € lie, 1 — ie] , and 
that Ad (it) exchanges po an d Pi- 

Now choose and fix a continuous function /i: [0, 1] — > [0, 1] such that /i(t) = 
for < ^ [|e, 1 — jg] and /i(t) = 1 for t £ [|e, 1 — ^s] > an d define bj(t) — h(t)pj 
for j = 0, 1. Then &o and &i are positive elements with bo, b± < 1, which commute 
with ip(g) for every g £ S, which satisfy &o^i = 0, such that Ad(u) exchanges bo 
and b±, and such that < r n +i(l — bo — &i) < e. This proves the claim above. 

We return to the use of ip n +i, and we let bo, b\ € C A be as in the claim 

(rather than its proof). In A n+ \ C A, define ao = y*boy and ai = y*biy. Since 
a(y) = y, it follows that ao, ai G A n+ i C A satisfy a,jy*gy — y*gyaj for all g G S, 
and 

aoai = 0, a n +i(ao) = a±, < ao, a\ < 1, and < r(l — ao — ai) < s. 

For a G F choose g £ S such that \\a — y*yy|| < he. Then 

|| [ aj , a] || < 2||o - y*yy|| + || [a 3 , y*yy]|| < 2 (|e) + = e. 

This completes the verification of the hypotheses of Theorem 18. 21 so it follows that 
a has the tracial Rokhlin property. I 

Proposition 12.15. Let a G Ant (A) be as in Example 1 12. Ill Then: 

(1) The action of Z2 generated by a does not have the strict Rokhlin property. 

(2) The dual action on C*(Z 2 ,A, a) has the strict Rokhlin property. 

(3) The generating automorphism a of the dual action is tracially approxi- 
mately inner. 

(4) The automorphism 5 acts nontrivially on Ki(C* (Z2, A, a)) . 

Proof. We have already observed in Example 1 1 2 . 1 II that C*(Z 2 ,A, a) is not AF. 
Therefore (1) follows from Theorem 1 11. 21 

It is immediate from the discussion following Example 112. 1 II that the action of 
Z2 generated by a is approximately representable in the sense of Definition 3.6(2) 
of [23 Part (2) therefore follows from Lemma 3.8(2) of 

We get (3) from Theorem 14. 31 The algebra A has cancellation of projections be- 
cause it is AF. It follows from Proposition ll2.14l and Theorem l2.7l that C*(Z 2 , A, a) 
has tracial rank zero. So projections in C* (Z 2 , A, a) have the weak divisibility prop- 
erty (Definition m by Lemma f4. 21 Therefore Theorem 14 . 31 applies . 

It remains to prove (4). We continue to follow the notation introduced after 
Example 1 12. Ill Let B n be the fixed point algebra 

A^ = C(S\ M 2 2„-i) e C(S\ M^n-i) G C(S\ M 4 »), 

with the embedding being as 2 x 2 block diagonal matrices. Let B = lim£?„, which 

is also equal to A a . Let (i n G Aut(_B„) be (3 n (f,g) = {9, /)■ By Proposition 5.2.2 
of [3j and the preceding discussion, there is a corresponding automorphism /3 of 
the direct limit, A = C*(Z 2 , B, (3), and the isomorphism can be chosen so that a 
generates the dual action. By Takai duality, it therefore suffices to show that (3 is 
nontrivial on Ki(B). 

Following the discussion after Corollary 5.3.2 of [3], let v G B% C A\ — C(S 1 , M4) 
be the unitary 

v(t) = diag (e M , e 2mt , e~ 2mt , e~ 27Tlt ) . 
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As there, the image of [v] in K\(B) is nonzero. It follows from Proposition 5.3.1 
of |S] that K\{B) is torsion free, and one checks that = —[v], so /3*([v]) = 

13. Questions 

In this section, we state some open questions. The first one is suggested by 
attempts to weaken the hypotheses of Theorem 14.31 As far as we know, even the 
version for AF algebras and the strict Rokhlin property is open, so we state that 
as our second question. 

Question 13.1. Let a be an action of Z n on a unital C*-algebra A. Suppose 
that both A and C*(Z„, A, a) are simple and have tracial rank zero, and that the 
automorphisms a g and a T are all tracially approximately inner. Does it follow that 
a has the tracial Rokhlin property? 

Question 13.2. Let a be an action of Z n on a unital C*-algebra A. Suppose that 
both A and C*(Z„, A, a) are simple and AF, and that the automorphisms a g and 
a T are all approximately inner. Does it follow that a has the Rokhlin property? 

The tracial Rokhlin property, as we have defined it, seems not to be useful 
much beyond the class of simple C*-algebras with tracial rank zero. Therefore the 
following question seems important. 

Question 13.3. What is the correct definition of the tracial Rokhlin property for 
actions of Z n on C*-algebras which are not stably finite, which are stably finite 
but have badly behaved K-theory, which are not simple, or which have few or no 
nontrivial projections? 

In particular, it seems of interest to have a suitable version of the tracial Rokhlin 
property for actions on purely infinite simple C*-algebras, since results in Section 3 
of [301 give strong restrictions on the K-theory of actions with the strict Rokhlin 
property. 

Similarly, we want to to modify the definition to make it suitable for actions 
on C*-algebras which are not simple. One possibility is to add to Definition II. II a 
condition requiring that for a prespecified nonzero positive element a in the finite 
set F, one has ||eoaeo|| > ||a|| — e. Compare with Definition 2.1 of ^$T\. We do not 
know if this strengthening is adequate. 

Another case of obvious interest is actions on C*-algebras without a reasonable 
supply of projections. A test for any proposed definition is that it should imply our 
definition when there are in fact enough projections. This reasoning suggests the 
following question. 

Question 13.4. Is there an analog of Lemma f8.ll or Theorem 18.21 for actions of 
Z„ on simple unital C*-algebras with tracial rank zero but more than one tracial 
state'.'' 

One might try simply writing some version of Definition 11.11 which uses positive 
elements in place of projections. 

We next turn to tracial approximate innerness. Our first question is motivated 
by Lemmas II 1.31 and II 1.41 
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Question 13.5. Let A be a simple separable unital nuclear C*-algebra with tracial 
rank zero and satisfying the Universal Coefficient Theorem. Let a £ Aut(A). Sup- 
pose that a* is the identity on the quotient of K$(A) by the infinitesimal subgroup 
Inf (Ko(A)). (Notation from [21].) Suppose further that for every n £ N there 
exists rj £ Kq{A)+ \ {0} such that a* (77) = 77 and 7-177 < [^a]- Does it follow that a 
is tracially approximately inner? 

Since the definition of tracial approximate innerness suffers from the same diffi- 
culties as the definition of the tracial Rokhlin property, we also ask: 

Question 13.6. What is the correct definition of tracial approximate innerness of 
of automorphisms of C*-algebras which are not stably finite, or which are stably 
finite but have badly behaved K-theory? 

Work of H. Lin (in preparation) suggests that Question 113.51 has a positive an- 
swer, and that our definition is at least close to the correct one for automorphisms 
of simple unital C*-algebras with tracial rank zero and satisfying the Universal 
Coefficient Theorem. The condition of approximate invariance of the projection, 
Condition (1) of Dcfinition l3.il may only be appropriate for automorphisms of finite 
order. Here also, one might try adding for more general algebras a condition such 
as ||eae|| > ||a|| — e for a prespecified nonzero positive element a in the finite set F. 

One test for a good definition is that the composition of two tracially approx- 
imately inner automorphisms should again be tracially approximately inner. We 
don't know if this is true for our definition even on simple unital C*-algebras with 
tracial rank zero. If we omit approximate invariance of e from the definition, then 
this should be true, and not hard to prove, whenever the order on projections over 
the algebra is determined by traces (Definition Again, a potentially particu- 
larly interesting case is automorphisms of purely infinite simple C*-algebras. 
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